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CALCULATION OF COMPRESSIBLE  TURBULENT  BOUNDARY  LAYERS 
WITH PRESSURE  GRADIENTS  AND  HEAT  TRANSFER 
By Larry L. Lynes,  Jack N. Nielsen,  and Gary. D. Kuhn 
Nielsen  Engineering & Research,  Inc. 
SUMMARY 
The  method of integral  relations  has  been  applied  to  the  calculation 
of compressible  turbulent  boundary-layer  characteristics  under  the  action 
of pressure  gradients. In order  to  solve  the  problem  it was necessary  to 
specify  an  eddy-viscosity  model.  An  incompressible  model,  developed  on 
the  basis  of  the  law of the  wall  and  the law of the  wake,  was  extended  to 
compressible  flow  through  the  use  of  the  Baronti-Libby  transformation. A 
computer  program  was  developed  to  do  the  calculations  for a class of  two- 
dimensional or axisymmetric  configurations  from low speeds  to  hypersonic 
speeds.  The  program  contains  provisions  for  arbitrary  streamwise  pressure 
distributions.  The  problem of obtaining  initial  conditions  for  the  pro- 
gram  required  special  attention,  and  several  methods  €or  obtaining  initial 
conditions  are  presented. 
Comparisons  were  made  between  predictions and measurements  of  dis- 
placement  thickness,  momentum  thickness,  and  velocity  profiles  for  two- 
dimensional  configurations  from low speeds  to  hypersonic  speeds.  Gener- 
ally,  good  agreement  was  obtained  between  theory and  experiment  at low 
speeds  except  in  the  region  upstream  of  the  separation  point.  At a separa- 
tion  point  a  mathematical  singularity  exists  in  the  analysis.  Some  work 
was accomplished  toward  developing  a  slightly  different  formulation  de- 
signed to go  up  to  and  including  the  separation  point. 
At  hypersonic  speeds,  comparisons  were  made  between  predicted  and 
measured  boundary-layer  quantities  for  curved  plates  and  flat  plates  with 
and  without  oblique  shock-wave  impingement.  For  the  curved  plates  decisive 
results  were  not  obtained  because  of  the  limited  amount  of  data  and  because 
of nonisentropic  conditions  at  the  edge of the  boundary  layer  not  accounted 
for  in the  computer  program.  For  the  flat  plate  without  shock  impingement 
the  edge  conditions  were  more  isentropic  than  for  the  curved  plate,  and 
better  comparison  between  theory  and  experiment was obtained.  With  shock 
impingement  the  predicted  displacement  and  momentum  thickness  differed 
from  the  measured  values  from a negligible  precentage  to  as  much  as 25
1 
percent .  Only fair  agreement  was obtained between the predicted and 
exper imenta l  ve loc i ty  prof i les  a f te r  shock  impingement .  
The computer program has been applied to a hypersonic axisymmetric 
conf igu ra t ion  composed of  a ho l low cy l inde r  cu lmina t ing  in  a compression 
f l a r e .  The shape  o f  t he  f l a r e  was such  tha t  la rge  pressure  drops  occurred  
across  the  boundary  layer .  The p r e d i c t i o n s  a r e  i n  good  agreement  with  the 
measured  hea t - t ransfer  ra tes  and the measured displacement and momentum 
thicknesses   corrected  for   normal   pressure  gradients .   Comparison  has  been 
made between the  exper imenta l  Mach number p r o f i l e s  and t h e  p r e d i c t e d  Mach- 
number p r o f i l e s .  When t h e  p r e d i c t e d  Mach-number p r o f i l e s  w e r e  a d j u s t e d  
f o r  normal   pressure  gradients ,   the   agreement  was o n l y  f a i r .  A simple 
method i s  presented for  es t imat ing the magnitude of  the normal  pressure 
g r a d i e n t s  and of adjusting the displacement and momentum th icknesses  pre-  
d i c t e d  by boundary- layer  theory  for  the  grad ien ts .  
A study has been made o f  t h e  d e t a i l e d  f l o w  f i e l d  p r e d i c t e d  by t h e  
computer program for boundary-layer, shock-wave interaction on a f l a t  
p l a t e  w i t h  a view t o  d e v e l o p i n g  a model o f  t h e  i n t e r a c t i o n  b a s e d  on 
boundary-layer theory.  The purpose  of  the  model i s  t o  p r e d i c t  t h e  p r e s -  
sure  d is t r ibu t ion  accompanying  the  in te rac t ion  as  w e l l  a s  t h e  boundary- 
layer   development   downstream  of   the  interact ion.  The model i s  an idea l -  
ized one because boundary-layer theory w i l l  n o t  p r e d i c t  t h e  d e t a i l s  o f  
the  f low i n  the  in te rac t ion  reg ion  where  the  inc ident  shock  penet ra tes  
deep ly  in to  the  l aye r .  A n  i n t e r a c t i o n  model i s  sugges ted  toge ther  wi th  a 
f r ee - in t e rac t ion  l aw fo r  u s e  with the model.  
I NTRODUC T I  ON 
Calcu la t ion  of  tu rbulen t  boundary  layers  under  the  ac t ion  of  pressure  
g r a d i e n t s  h a s  b e e n  o f  i n t e r e s t  f o r  a number of yea r s .  Renewed i n t e r e s t  
i n  t h e  a c c u r a t e  p r e d i c t i o n  o f  t u r b u l e n t  b o u n d a r y - l a y e r  p r o p e r t i e s  a t  h i g h  
s p e e d s  h a s  a r i s e n  i n  t h e  d e s i g n  of hypersonic  i n l e t s ,  con t ro l s ,  and  o the r  
external   aerodynamic  surfaces .  I n  t hese   app l i ca t ions   t he   p re s su re   g ra -  
d ien ts   involved   can   be   very   s t rong .   For   ins tance ,   in   the   in te rac t ion  
between a shock wave and a boundary layer i n  a h y p e r s o n i c  i n l e t  a pres-  
s u r e  r i s e  o f  two orders of magnitude can occur over a d i s tance  of  about  
10 boundary-layer  thicknesses .  
2 
. .. 
The usua l  approaches  to  the  ca l cu la t ion  o f  t u rbu len t  boundary  l aye r s  
w i th  o r  w i thou t  pressure g rad ien t s  i nvo lve  the  u s e  of an empirical  pre- 
s c r i p t i o n  o f  some gross  proper t ies  of  the  boundary  layer  such  as  sk in  f r ic -  
t i o n  o r  shape factor .  Typical  examples  of  such methods are  contained in  
r e fe rences  1 through 8. Recently,  two new approaches t o  t u r b u l e n t  bound- 
a ry  l aye r s  have  m e t  w i t h  s i g n i f i c a n t  s u c c e s s  i n  p r e d i c t i n g  t h e  d e t a i l s  o f  
t h e  f l o w  a s  w e l l  a s  t h e  g r o s s  p r o p e r t i e s .  One a p p r o a c h  u t i l i z i n g  f i n i t e -  
difference methods i s  con ta ined  in  r e fe rence  9. The other  approach pre-  
sented i n  t h i s  r e p o r t  i s  based on t h e  method o f  i n t e g r a l  r e l a t i o n s .  T h i s  
method,  successful ly  appl ied to  laminar  boundary layers  in  references 10 
through 1 2 ,  i s  ex tended  here in  to  turbulen t  boundary  layers  th rough the  
use of an eddy-viscosity model. 
The work presented  i n  t h i s  r e p o r t  was accomplished under a 1-year 
e f for t  sponsored  by Ames Research Laboratory, NASA, Cont rac t  No.  NAS2-4391. 
The main e f f o r t  h a s  been directed toward applying the method of i n t e g r a l  
re la t ions  to  two-dimens iona l  and axisymmetric compressible turbulent 
boundary layers on nonadiabat ic  bodies .  A computer  program f o r  making 
these  ca lcu la t ions  has  been  developed .  I n  add i t ion ,  a p o r t i o n  o f  t h e  
e f f o r t  h a s  been devoted t o  t h e  s t u d y  and development of a method f o r  
s imul taneous  de te rmina t ion  of  the  pressure  d is t r ibu t ion  and the boundary- 
l a y e r  c h a r a c t e r i s t i c s  d u r i n g  a shock-wave, tu rbulen t ,  boundary- layer  in te r -  
ac t ion .  The fo l lowing  sec t ions  con ta in  the  ana lyses  wh ich  l ead  to  a com- 
puter program and contain a s u b s t a n t i a l  number of comparisons between 
p r e d i c t i o n  and experiment.  
An ope ra t ing  manual for the computer program i s  be ing  i s sued  a s  a 
s epa ra t e  document. 
SYMBOLS 
a speed  of  sound 
- 
C , C i  c o e f f i c i e n t s   u s e d   i n   s p e c i f y i n g   t h e   v e l o c i t y   p r o f i l e s ,   f u n c t i o n s  
of  4 only 
cf  s k i n - f r i c t i o n  c o e f f i c i e n t ,  ~ d ( 1 / 2 )  peue2 
C s p e c i f i c   h e a t   o f  a i r   a t   c o n s t a n t   p r e s s u r e  
P 
fi(%)  family of smoothing  functions,  (1 - i)z(i-l) 
f ! , f ;   f i r s t  and   s econd   e r iva t ives   o f   i  w i th   r e spec t   t o  U, respec-  
- 
1 t i v e l y  
3 
I 
H 
J 
k 
kS 
R 
L 
m 
M 
n 
P 
s, 
r 
RS 
RJO 
f a m i l y  o f  d e f i n i t e  i n t e g r a l s  d e f i n e d  b y  e q u a t i o n  (87) 
f a m i l y  o f  d e f i n i t e  i n t e g r a l s  d e f i n e d  b y  e q u a t i o n  (77)  
a c c e l e r a t i o n  o f  g r a v i t y ,  32.2 f t / s e c 2  
fami ly  of  def in i te  in tegra ls  g iven  by  equat ion  (55)  
d e r i v a t i v e   o f  gi w i t h   r e s p e c t   o  c 
f a m i l y  o f  d e f i n i t e  i n t e g r a l s  d e f i n e d  by equation (57) 
t o t a l  e n t h a l p y  o f  g a s ,  /Tt cP dT 
mechanica l  equiva len t  of  hea t ,  778 f t - lbs/Btu 
- 
0 
t h e r m a l  c o n d u c t i v i t y  o f  a i r  
s t r eaml ine  cu rva tu re  de f ined  by equation (131) 
reference length in  two-dimensional  plane 
re ference  length  in  ax isymmetr ic  p lane  
( I + )  - U 2  
a 2 
l o c a l  Mach number 
a coordinate normal t o  a s t r e a m l i n e ;  a l s o  an  index 
l o c a l  s t a t i c  p r e s s u r e  
loca l  s ta t ic  pressure  ca lcu la ted  by  shock-expans ion  theory  
l o c a l  s t a g n a t i o n  p r e s s u r e  
l o c a l  s t a g n a t i o n  p r e s s u r e  f o r  t e s t s  o f  r e f e r e n c e  28 
local  s tagnat ion pressure behind normal  shock 
f a m i l y  o f  d e f i n i t e  i n t e g r a l s  d e f i n e d  by equation (51)  
h e a t - t r a n s f e r  r a t e  a t  w a l l  
l o c a l  body rad ius  in  the  ax isymmetr ic  p lane  
r igh t -hand s ide  of  the  nonhomogeneous equa t ions  fo r  t h e  no-root 
case  
r igh t -hand  s ide  o f  t he  nonhomogeneous equa t ions  fo r  t he  roo t  ca se  
i n i t i a l  Reynolds  number, Ue R / V  
0 
4 
Reynolds  number  based  on  any  arbitrary  length z and  local  edge 
conditions, uez/ve 
distance  along  surface  of  axisymmetric  flare  measured  from  flare- 
cylinder  juncture 
total  temperature  parameter, S = (Tt/Tte) - 1 
Stanton  number  defined  by  equation (128) 
value of S at  the  wall, Sw = (TJTte) - 1 
local  absolute  temperature 
local  stagnation  temperature 
axial  velocity  in x,y plane 
initial  velocity  profile  at  x 
0 
friction  velocity, 
axial  velocity  in X,Y plane,  uaeo/ae 
"JPW 
VU e  
normal  velocity  in  x, y  plane 
velocity  tangent  to  a  streamline 
normal  velocity  in X,Y plane 
normal  velocity  in 4,q plane, 
y-coordinate of solid  surface 
TJ - - v + T q -  e 
ue 
coordinates  of  two-dimensional flow  in  physical  plane 
coordinates of physical  flow  in  the  axisymmetric plane; x, lies 
along  centerline  of  body; for  cylinder-flare  combinations x, 
is in  inches  measured  from  start  of  flare 
axial  distance  from  leading  edge  of  cylinder-flare  combination 
value of x  where  computer  program  is  started 
coordinates of the  Stewartson  transformation; 
X 
dx; Y = f Pea, - p dY 
0 w(x) 0 0 Pe ae Pe 0 -0 
polynomial  coefficients  in  equation (B-2) 
5 
B 
Y 
6 
6* 
6* vis 
'rn 
'vis 
e* 
U 
V 
P 
O 
OL 
OT 
T 
6 
eddy-viscosity  parameter 
ratio of specific  heats 
boundary-layer  thickness 
displacement  thickness 
displacement  thickness  for  an  inviscid  flow  field  defined  by 
equation  (126) 
displacement  thickness  including  any  effect of normal  pressure 
gradients,  defined  by  equation  (122) 
displacement  thickness  for  boundary  layer  corrected  for  the  effect 
of normal  pressure  gradients, 6; - ATn 
absolute  eddy  viscosity 
Reynolds  number  based  on  laminar  sublayer  thickness, 
momentum  thickness  in  physical  plane 
momentum thickness'for an  inviscid  flow  field,  defined  by  equa- 
tion  (127) 
momentum  thickness  including  any  effect  of  normal  pressure  gra- 
dients,  defined  by  equation  (123) 
momentum  thickness  for  boundary-layer  corrected  for  the  effect o  
'm - 'in normal  pressure  gradients, 
moment-of-momentum  thickness,  defined  by  equation (114) 
absolute  viscosity 
kinematic  viscosity, p,/p 
value of 4 corresponding to x. 
coordinates  in  Dorodnitsyn  plane, 
local  mass  density 
stream  function  stretching  factor 
laminar  Prandtl  number 
turbulent  Prandtl  number 
shear  stress 
body  surface  angle 
6 
a 
b 
C 
e 
m 
0 
r 
t 
U 
W 
00 
boundary-layer  mass-flow  parameter 
dimensionless,  boundary-layer,  mass-flow  parameter 
Subscripts 
axisymmetric 
predicted  by  boundary-layer  theory 
adjusted  for  normal  pressure  gradients 
condition  at  the  boundary-layer  edge 
at  match  point  of  inner  layer  and  wake 
initial  condition  at x. 
reference  condition 
stagnation  condition 
unsteady  turbulent  quantity 
condition  at  the  wall 
free-stream  condition 
Superscripts 
indicates  differentiation  with  respect o 4 
- indicates quantities in the incompressible turbulent plane 
- indicates  time-averaged  mean  quantities I 
I indicates quantities adjusted €or normal pressure gradients 
THEORY  BASED  ON  THE  METHOD OF INTEGRAL  RELATIONS 
The  method of integral  relations  used  herein  is  due  to  Dorodnitsyn 
(ref.  13). Its  application  to  the  turbulent  case  follows  very  closely 
that  for  laminar  flow  as  described  in  references 10 through 12. In  the 
following  derivations  the  mathematical  detail  will  be  abbreviated. 
This  section  is  divided  into  two  parts:  one  presenting  the  deriva- 
tion of the  ordinary  differential  equations  and  the  other  presents  the 
eddy-viscosity  model.  The  treatment  is  sufficiently  general  to  accept 
other  eddy-viscosity  models.  While  a  particular  eddy-viscosity  model was 
used  during  the  course of this  investigation,  if  a  different  and  better 
7 
model is developed  in  the  future,  it  would  fit  into  the  framework of the
present  analysis. 
Derivation of the  Ordinary  Differential  Equations 
Assumptions.-  Certain  assumptions have  been  made  during  the  course 
of this  analysis.  These  assumptions  are: 
(1) The  governing  equations  are  those  for a compressible  turbulent 
boundary  layer. 
(2) The  laminar  and  turbulent  Prandtl  numbers  are  unity. 
(3) The  air  behaves as an  ideal  gas. 
(4) The  wall  is  at  a  uniform  but  arbitrary  temperature. 
(5) Within  the  range of interest,  the  molecular  viscosity  varies 
linearly  with  temperature. 
(6) The  conditions  at  the  outer  edge of the  boundary  layer  are 
governed  by  isentropic  flow  relations. 
(7) The  temperature  profile  in  the  boundary  layer is given  by 
where 
TW 
‘w Tt 
- 
”- 1 
e 
(8) It is assumed  that  the  boundary-layer  thickness  is  small  com- 
pared  to  the  body  radius  at  the  time  the  Mangler  transformation is ntro- 
duc  ed . 
Boundary-layer  equations  for  compressible  axisymmetric  flow  and 
their  transformation  to  two-dimensional f ow.- Reference 9 presents  the 
boundary-layer  equations  for  compressible  turbulent  flow  in  a  convenient 
form  for  both  axisymmetric  and  two-dimensional  flow. In the  following 
equations  all  flow  properties  are  time  averaged  and  bars  will  not  be  used 
to  designate  time  averages. For axisymmetric  flow  the  boundary-layer 
equations  are: 
Continuity: 
8 
Momentum: 
Enerqy: 
hHa aHa 
PaUa + (PaVal = - 
Ya : kc [%(I+? +) 2 
+ p ~ - k ) u a % I }  ( 5 )  
I t  should  be  noted  that   (pava) i s  a smgle   t ime-averaged   quant i ty  
defined by 
I I I  I 
(PaVal  = PaVa - - PaVa + Pa  V  (6)  
u u  
where 
(pava) = an inseparable  quant i ty  def ined  by  equat ion  (6) 
I 
pa = time-averaged mean d e n s i t y  
v = time-averaged mean v e l o c i t y  
pa = f l u c t u a t i n g   d e n s i t y  component 
v = f l u c t u a t i n g   v e l o c i t y  component 
I - 
a 
U 
a 
U 
W e  now introduce an eddy-viscosi ty  parameter  def ined by 
B, = 1 + -  'a CL 
Assuming 
UL = aT = 1 
reduces t h e  ene rgy  equa t ion  to  
9 
In t roduc ing  a total  temperature  parameter  produces the desired form 
of  the  energy  equat ion:  
where 
The boundary  condi t ions  for  th i s  sys tem of  equat ions  a re :  
A t  ya = 0 u = v  = o  'I a a 
v = v (x) a a e 
sa = 0 i 
The i n i t i a l  c o n d i t i o n s  a r e  g i v e n  a s :  
A t  x = x  u = u (y)' 
0 a a 
0 7 
A t  t h i s   p o i n t  it i s  n o t e d   t h a t   t h e   p r e s e n t  xa  nd  ya coord ina te s  
a r e  p a r a l l e l  and  pe rpend icu la r  t o  the  main  f low,  respec t ive ly ,  ra ther  than  
tangent  and  normal t o  t h e  l o c a l  body sur face .   This   convent ion   impl ies  
t ha t  t he  s t r eamwise  s lopes  o f  t he  body su r face  a re  sma l l  compared t o  u n i t y .  
I t  may l e a d  t o  some loss o f  accu racy  fo r  cu rved  p l a t e s  a t  l a rge  su r face  
s lopes .  The convent ion  has  the  advantage  tha t  no  ambigui ty  ex is t s  con- 
c e r n i n g  t h e  n o r m a l  d i r e c t i o n  a t  d i s c o n t i n u i t i e s  i n  s u r f a c e  s l o p e .  
Applicat ion of  the Mangler  t ransformation w i l l  reduce the system of 
axisymmetric  equations  to  two-dimensional  form. The Mangler  transforma- 
t i o n  is:  
r = r = body r a d i u s  W (15) 
10 
r  2dxa W 
0 
Y = /" rw  dYa 
W 
Under  the  transformation 
T = Ta 
P = Pa 
P = Pa 
u = u  a 
V U a drW v = -  a + -  (Y, - 2rw) -r 
IW dxa 
and  the  boundary  conditions  are: 
At y = O  u = v = o  -) 
s = sw I 
At y = m  u = u (x) e 
e v = v (x) 
s = o  
The  initial  conditions  are: 
The  two-dimensional  form of the  boundary-layer  equations  results 
from  the  transformation,  and  these  equations  are  presented  in  the  follow- 
ing  section. It  is  noted  that  dimensionality has not  been  preserved  under 
the  Mangler  transformation. 
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Boundary-layer  equations  for  compressible  two-dimensional flow.- The 
boundary-layer  equations  for  compressible  turbulent  boundary  layers  flow- 
ing  over  two-dimensional  nonadiabatic  bodies  are: 
Continuity: 
a a ;sj;. (pu) + (pv) = 0 (22) 
Momentum: 
Energy : 
AS with  the  axisymmetric  case,  the  following  definition  applies: 
-L II I 
u u  (pv) = pv = pv + p v 
The quantity (pv) cannot be separated. 
These  equations  are  the  same as in  reference 9 except  that  the  en- 
thalpy H has  been  replaced  by s. In the  axisymmetric  case  the  Mangler 
transformation  has  reduced  the  axisymmetric  equations  to  the  preceding 
form  with  the  boundary  conditions  shown  previously.  The  boundary  condi- 
tions  and  initial  conditions  for  the  two-dimensional  equations  are  the 
same  as  those  given  in  equations (19) through (21) . 
Application of the  Stewartson  and  Dorodnitsyn  transformations.-  In 
order  to  simplify  further  the  equations,  two  transformations  are  now 
applied.  The  first of these  is  the  Stewartson  transformation  given  by 
and 
s .= s J 
12 
The r e s u l t i n g  e q u a t i o n s  are: 
Cont inui ty :  
ax a Y = O  au  + av 
Momentum: 
Energy : 
The assumpt ion  tha t  molecular  v i scos i ty  i s  a l i n e a r  f u n c t i o n  of tempera- 
t u r e  has been used in the development of these  equat ions .  Dur ing  the  
d e r i v a t i o n  f3 of t he  phys ica l  p l ane  has  been  ca r r i ed  th rough  a parameter 
so t h a t  
A l s o ,  under  the Dorodni tsyn t ransformation,  we have 
The boundary  condi t ions  in  the  S tewar tson  p lane  a re :  
A t  y = O  u = v = o  'I 
s = s  
W 1 
A t  y = m  u = U e ( X )  au  a Y = O  
Pe ae 
v = Ve(X)  = 0 0 -  Peve + -  (33) 
Pea, P e  Pe 
0 
s = o  
The i n i t i a l  c o n d i t i o n s  a r e :  
A t  X = X  
0 
u = U 0 ( Y )  
s = S 0 ( Y )  
(34) 
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The  next  step  in  the  analysis  is  to  apply  the  Dorodnitsyn  transforma- 
tion  which  is  given by: 
Under  this  transformation  the  differential  equations  become: 
Continuity: 
av + a 7  = 0 
Energy: 
The  boundary  conditions are: 
( 3 7 )  
s = o  I 
The  initial  conditions  are: 
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Ord ina ry  d i f f e ren t i a l  equa t ions . -  The ana lys i s  t hus  f a r  has  been  
per fec t ly  genera l  wi th  regard  to  both  ve loc i ty  and  tempera ture .  A t  t h i s  
po in t  t he  Crocco  r e l a t ionsh ip  w i l l  be assumed thereby removing the neces- 
s i t y  fo r  an  ene rgy  equa t ion .  The Crocco relat ionship provides  the fol low- 
ing  coupl ing  be tween to ta l  t empera ture  and  ve loc i ty  prof i les :  
s = SW(l  - U) - (43) 
The f i rs t  step in  r educ ing  the  con t inu i ty  and momentum e q u a t i o n s  t o  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i s  t o  select a s e t  of  weight ing funct ions.  
The set s e l e c t e d  f o r  t h i s  a n a l y s i s  i s :  
f i  = (1 - U ) U  - -(i-l) i = 1,2,3,--- (44) 
S ince  the  weight ing  func t ions  a re  func t ions  only  of U, t h e i r  d e r i v a t i v e s  
can be represented  by: 
- 
df i  
dU 
f; = - - (45) 
Mult iplying t h e  con t inu i ty  equa t ion  by f i ,  t h e  momentum equat ion by 
fl, and adding the two equat ions gives  the fol lowing r e s u l t :  
I n t e g r a t i o n  and rearrangement yields 
This equat ion i s  termed t h e  i n t e g r a l  form of t h e  momentum equat ion.  
I t  i s  s e e n  t h a t  as many equat ions can be obtained from equat ion  (47)  as  
t he re  a re  we igh t ing  func t ions .  I t  i s  n e c e s s a r y  t o  select a s  many weighting 
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f u n c t i o n s  a s  t h e r e  a r e  unknown c o e f f i c i e n t s  i n  t h e  v e l o c i t y - g r a d i e n t  r e p r e -  
s e n t a t i o n .  Two ve loc i ty -g rad ien t   r ep resen ta t ions   have   been   u t i l i zed .  The 
ve loc i ty -g rad ien t  r ep resen ta t ion  w h i c h  has  proved most  useful  i s  termed 
the  no- root  representa t ion ,  and  i s  given by: 
The no- roo t  ve loc i ty -g rad ien t  r ep resen ta t ion  i s  val id  everywhere i n  an 
a t t ached   f l ow  r eg ion   excep t   a t  a separa t ion   po in t   where  37/37 i s  zero.  
S u b s t i t u t i n g   e q u a t i o n s   ( 4 3 ) ,  (44), and (48) i n t o  the i n t e g r a l  form 
of t h e  momentum equat ion  (47)  g i v e s   t h e   f o l l o w i n g   o r d i n a r y   d i f f e r e n t i a l  
equa t ions  fo r  t he  f l o w  f i e l d :  
C C C 
1 2 3 + -  + ... + - = C n -2 +3 n + l  RH1 
3 4 5 n + 2  RH2 
4 
C C 
2 c3 
C - I + - + -  + . - .  +”- = n 
C 
1 c2  
+5 4 6 n + 3  RH3 
C - + -  + ... +-= n 
c 
1 c 2  c3 
C 
- + - + -  + ... +”= n + l  n + 2  n + 3  2n *n J n 
where 
C C C C C C 
2 
*1 - 
--.Udk + -  2 3 
C 3 + 4  
1 
n 
(49) 
C 
+ ... 
n + l  
C C C 
RH, = 2P1 - 2 C + + +  -.. +>) 
1 
1 n 
C C 
+3+ 4 -.. +A) 
n + l  
c3 + - + ... +- 5 n + 2  (50b) 
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C C 
RH3 = 6P, - 2P1 + +3 + ... + - 4 n + l  
c2 
C + ". +A) C - (1 + 3 S J  (2 + 4 +5 n + 2  
c2 
C C 
- 3  (> + 5 + -  6 + ... +A)] n + 3  !.E 
'e 
RHn = n ( n  - 1) pnml - (n - 1) (n - 2 )  pn,* 
C 
9 
C 
+- + ..- + 
n + l  (2n - 2 
+ - e -  + 2n - 1 
The term p(e,O), which i s  t h e  eddy v i s c o s i t y  a t  t h e  w a l l ,  c a n  be 
set  e q u a l  t o  u n i t y  e x c e p t  p o s s i b l y  a t  a s epa ra t ion  po in t  where a?j/aq i s  
zero.  The P i ' s ,  which  occur  in t h e  nonhomogeneous terms on t h e   r i g h t -  
h a n d  s i d e s ,  a r e  d e f i n i t e  i n t e g r a l s  o f  t h e  f o l l o w i n g  set:  
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  o n l y  d i f f e r e n c e  b e t w e e n  t h e  
laminar  and  turbulen t  f low equat ions  occurs  in  these  in tegra ls ,  where ,  
for   laminar   f low,  @ i s  un i ty .  The eddy-v iscos i ty   d i s t r ibu t ion   for   tu rbu-  
l e n t  f l o w  a s  u s e d  i n  t h e  p r e s e n t  work w i l l  be  descr ibed subsequent ly .  
The o the r  ve loc i ty -g rad ien t  r ep resen ta t ion  u t i l i zed  in  the  p re sen t  
work i s  ca l l ed  the  roo t  fo rmula t ion  and i s  given by: 
I n  t h i s  c a s e  i t  i s  noted  tha t  par t icu lar  exponents  a re  used  in  the  de-  
nominator as opposed t o  the previous case where general  exponents  w e r e  
1 7  
used. The r o o t  r e p r e s e n t a t i o n  is ,  however, va l id   everywhere   in   an   a t tached  
f l o w  f i e l d  i n c l u d i n g  t h e  s e p a r a t i o n  p o i n t .  The a n a l y s i s  f o r  t h e  r o o t  c a s e  
i s  more complex than  for  the  no- root  case  because  of  the  square- root  term, 
d m .  
This  ana lys i s  p roceeds  the  same as  the  p rev ious  one  wi th  equa t ions  
(43) ,   (44)  , and  (52 )  be ing  subs t i t u t ed  in to  equa t ion  (47 )  to  g ive  the  fo l -  
l owing  o rd ina ry  d i f f e ren t i a l  equa t ions :  
+ g 6 + g7e3 + ( c lg i  + c 
3 2  
(53) 
3 
g4C1 + g 6 + g e + (clga + c2gL + c g '  )c = RS4 
5 2  9 3  3 9  
where t h e  r igh t -hand  s ides  a re  g iven  by 
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The gi's which  occur  in  these 
from  the  following  set: 
equations  are  definite  integrals 
i = 0,1,2,--- 
and 
I - dgi l j  $dF 
gi(c) = = - - i = 0,1,2,*-- 
dc (7 + C) 3'2 
0 
( 5 5 )  
As with  the  no-root  formulation  the  term f3 ( 4 , O )  is  the  eddy  vis- 
cosity  at  the wall, which can be  set  equal  to  unity  except  possibly  at a 
separation  point.  The  eddy  viscosity  again  enters  the  analysis  through 
the  definite  integrals  contained  in  the  nonhomogeneous  terms.  The  defin- 
ite  integrals  are  members of the  following  set: 
The  same  eddy-viscosity  models  used  for  the  no-root  formulation  can  be 
used  with  this  formulation. 
Auxiliary  equations.-  This  section  is  being  presented  for  complete- 
ness  in  order to provide  equations  for  the  principal  quantities of inter- 
est.  The derivations  will  be  omitted  since  they  are  not  difficult. 
The  relationships  between  the  axisymmetric  quantities  of  interest 
and  the corresponding  two-dimensional  quantities  follow. 
Skin  friction: 
aua 
vaw 
c =  W = rc 
'a - u 2  f 2 Pae  ae 
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Displacement thickness:  
Momentum th i ckness :  
Reference lenqth:  
Ve loc i ty  g rad ien t :  
V e l o c i t y   p r o f i l e :  
Mass flow: 
= rw 2~ 
0 
y a -  r = x  and u = u w r  
W a 
= 2.rr Ia pauarw dya 
0 
where 
* = f pu  dY 
0 
20 
c 
In  the  two-dimensional  plane  the  quantities  of  interest  are  obtained 
for  the  no-root  formulation from the  following  relationships: 
Skin friction: 
where 
u R  e 
RR 
"
0 v e  
- 0 
0 
Displacement  thickness: 
6 
6" = /- (1 - % ) d y  
Pe e 
0 
Momentum  thickness: 
6 
e =  a 
2 1  
Veloc i ty  qradient: 
Y+1 
Y -  
a 
j=l J 
and 
where 
Thus, 
Mass flow: 
+ + me + me] 
Fl - - l n ( 1  - u) - 1 
7 = 1 pu dy 
0 
n 
j =I 
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n 
The corresponding equat ions for  the square-root  formulat ion are: 
S k i n  f r i c t i o n :  
- 2 C f  -  (1 1 + me C 1 
Displacement thickness:  
+ me(clgl + 
Momentum th ickness :  
Ve loc i ty  q rad ien t :  
(c 1 + c" + c T5) 3 
p 
23 
~ . . _. . . . . . 
Velocity  profile: 
Y+1 
+ c2F2 + c3Te) + me(clF2 + c F - 
2 3  3 7  
and 
where 
Thus , 
Mass  flow: 
f 
The  distribution of the  eddy-viscosity  parameter, B,  that  enters  the 
Pi and Gi  integrals  is  the  actual  distribution  for  the  compressible 
nonadiabatic  turbulent  layer.  It  has  not  been  transformed  under  the 
Stewartson  or  Dorodnitsyn  transformations  but  has  simply  been  carried 
along  as  a  variable.  Since  the  integrals  are  evaluated  by  numerical 
means,  fairly  complicated  eddy-viscosity  models  can  be  used  in  the  theory. 
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Incompressible  eddy-viscosity  model.- The  detailed  work  is  contained 
in  Appendix A. This  section  contains  only  a  basic  description of the 
model  and a summary of the  pertinent  results.  The  basic  model is an  in- 
compressible  one.  For  compressible flow  the  eddy-viscosity  distribution 
is related to an  equivalent  incompressible  one  using  the  method  outlined 
by  Baronti  and  Libby  in  reference 14. This  method  is  based  on  the  trans- 
formation  theory  developed by Coles (ref.  15)  and the  sublayer  hypothesis 
set  forth by Donaldson  (ref. 16). 
The  incompressible  eddy-viscosity  model  is  based  on  an  inner  layer 
where  the  shear  is  assumed  constant  and  an  outer  layer  where  the  eddy 
viscosity  is  assumed  constant  (ref.  17).  The  inner  layer  consists of a 
laminar  sublayer,  a  buffer  layer,  and  a  region  where  the  law of the wall 
is  valid.  The  buffer  layer  is  an  arbitrary  layer  between  the  laminar  sub- 
layer  and  the  law of the  wall  region  where  a  fairing  has  been  introduced 
to  prevent a discontinuity  in  the  eddy-viscosity  distribution.  Within 
the  laminar  sublayer  the  eddy-viscosity  parameter B is unity, and  in 
the  region of the law of the  wall  it  is  obtained  from  well-known  velocity 
correlations  assuming  the  shear  is  constant  at  the  wall  value. 
Within  the  outer  layer,  or  wake  region,  the  eddy-viscosity  is  con- 
stant  and  equal to  the  value  prescribed  by  Clauser (ref.  17)'. The  bound- 
ary  between  the  inner  and  outer  layers  is  established  by  assuming  that 
the  value of the  eddy  viscosity  is  continuous at the  point  of  the  join. 
The  eddy-viscosity  parameter  for  the  entire  boundary  layer  is  given 
by  the  following  equations  €or  the  various  regions. 
Laminar  sublayer: 
- 
f3 = 1.0 0 7.95 U 
U T 
Buffer  layer : 
0 . 4 8 1 1 [ ( U / U T ) - 7 " 9 5  " - 3 - 
B = e  U 7.95 < ;J- < 13.25 
U 
T 
Law-of-the-wall  region: 
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Wake : 
The  distribution of the  incompressible  eddy-viscosity  parameter  is 
shown  in  figure 1 in a  way  which  displays  the  effect of Reynolds  number. 
As the  Reynolds  number  increases,the  boundary  between  the  inner  layer  and 
the  wake  moves  to  higher  values  of u/uT and B .  
" - 
Compressible  eddy-viscosity  model.-  The  velocity  profile  for  the 
inner  layer of a  compressible  boundary  layer is related  to  that  for  an 
equivalent  incompressible  boundary  layer  in  accordance  with  the  method 
given  in  reference 14. Under  the  assumptions of the  method,  which  employs 
the  Baronti-Libby  transformation,  the  nondimensional  velocity  ratios  and 
the  eddy-viscosity  parameters  are  equal  at  corresponding  points  in  the 
compressible  and  incompressible  boundary  layers. 
B = B  (95) 
To  evaluate  the  eddy-viscosity  integrals, Pi and Gi, it  is  necessary to 
know f3 as a  function of u/ue. We  need  only know the  skin-friction 
coefficient of the  equivalent  incompressible  layer,  cf,  to  obtain  the 
desired  information  from  equations  (94)  and  (95) . The  value  of cf is 
- 
N 
obtained  by  solving  the  following  two  equations  by  iteration: 
The value of u/ue is obtained from c through f 
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and  the  value of is obtained  from  equations (90) through (92) . 
The  first  problem  in  obtaining f3 in  the  wake  region of a  compress- 
ible  boundary  layer is to find  the  point  of  the  join. It is possible  to 
find  the  point of the  join  from  the  condition  that f3 of the  inner  layer 
equals B obtained  from  the  Clauser  relationship. An assumption  is  made 
for this  purpose  that  the  Baronti-Libby  transformations  can  be  used  across 
the  entire  boundary  layer in establishing  the  relationshlp  between  the 
compressible  displacement  and  boundary-layer  thicknesses  and  the  equiva- 
lent  incompressible  thicknesses.  The  assumption  is  a  fairly  good  one 
because  the  wake  does  not  contribute  much  to  the  displacement  and  momentum 
thicknesses,  and  the  velocity  transformation s valid  at  the  outer  edge 
of the  boundary  layer.  These  considerations  lead to  the  following  result 
for  the  eddy-viscosity  at  the  point f he  join: 
f3 = Dm = 0.018 Te (y )  (Rs* - meRe) 
TW 
In  the  wake  itself, f3 is  proportional  to  density  and  inversely  pro- 
portional  to  viscosity.  Since  viscosity  has  been  assumed  proportional  to 
temperature,  and  hence  inversely  proportional  to  density,  it  follows  that 
f3 is  proportional to  density  squared.  Thus,  in  the  wake  region  the  eddy- 
viscosity  parameter  is  given  by: 
CHOICE OF VELOCITY-GRADIENT  REPRESENTATIONS 
A study has been  made  to  aid n the  selection of the  best  velocity- 
gradient  representation  for  the  computer  program.  This  study  involves 
the fitting of various  velocity-gradient  representations  to  empirical  flat- 
plate  velocity-gradient  profiles  using  the  method  of  least  squares.  The 
accuracy  of  fit  for  the  various  representations is a factor  in the  choice 
of the  one  considered  best  suited  for  use  in  the  analysis. A  a by-product, 
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t h e  l e a s t - s q u a r e s  f i t t i n g  p r o v i d e s  a p p r o x i m a t e  i n i t i a l  c o n d i t i o n s  f o r  
s t a r t i n g  s u b s e q u e n t  s o l u t i o n s .  
The ve loc i ty -g rad ien t  r ep resen ta t ions  cons ide red  a re :  
No-root formulation: 
8 7  (1 - U) - 
1 2 
Root formulat ion:  
The e m p i r i c a l  f l a t - p l a t e  p r o f i l e s  to be f i t  w e r e  obtained using 
S p a l d i n g ' s  ( r e f .  18) gene ra l i zed  l aw o f  t he  wa l l  combined with an analytic 
fit t o  C o l e s '  ( ref .  19 )  wake function.  This  combination was used i n  o rde r  
t o  p r o v i d e  a c o n t i n u o u s  v e l o c i t y  p r o f i l e  w h i c h  c o u l d  b e  d i f f e r e n t i a t e d  
a n a l y t i c a l l y  f o r  f i t t i n g  p u r p o s e s .  I n  o r d e r  t o  u t i l i z e  t h e s e  f l a t - p l a t e  
v e l o c i t y  p r o f i l e s ,  it i s  n e c e s s a r y  t h a t  t h e y  b e  i n  t h e  form 
N 
N = f ( q )  
ue 
The e m p i r i c a l  p r o f i l e s  c o u l d  b e  p u t  i n t o  t h i s  form w i t h  t h e  s k i n - f r i c t i o n  
c o e f f i c i e n t ,  c and  the  form  factor ,  H, a s   pa rame te r s .  I n  a d d i t i o n   t h e  
c o n d i t i o n   t h a t  u/ue = 1 a t  y = 6 was imposed.  However, t h e   r e s u l t i n g  
p r o f i l e s  d i d  n o t  mee t  t he  cond i t ion  tha t  
N N 
f" N N N 
" 
$ = O  a t  
- 
u = l  
The s k i n - f r i c t i o n  c o e f f i c i e n t  and t h e  form f a c t o r  used  f o r  t h e  f l a t -  
p l a t e  v e l o c i t y  p r o f i l e s  were ob ta ined  in  the  fo l lowing  ways. The skin-  
f r i c t i o n  c o e f f i c i e n t  was p r e d i c t e d  on t h e  b a s i s  o f  f l a t - p l a t e  e q u a t i o n s  
given  by Sommer and  Shor t  ( re f .  20) for   incompressible   f low: 
- 
c = 0.0578 (Ex) 'I5 f 
C lause r  ( r e f .  1 7 )  p re sen t s  t he  fo l lowing  fo rm- fac to r  co r re l a t ion  fo r  i n -  
compressible  zero pressure-gradient  boundary layers  
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N 1 
1 - 6 . 8 d v  H =  
The  empirical  flat-plate  velocity  profile  thus  is a function  only of 
- 
R* 
The  empirical  velocity  profiles  used  in  this  study  are  for  zero  Mach 
number,  adiabatic  walls,  and  Reynolds  numbers  of l o 4  through l o 8 .  The 
velocity-gradient  representations  given  by  equations (101) and (102) were 
fit to the  empirical  profiles  for  the  following  matrix of m and n: 
It is of interest  to look at  the  second  derivative  evaluated  at  the 
wall for  the  various  representations.  For  the  no-root  formulation, 
is obtained assuming  n > m, there 
a2T 
h 2  
-
ql = - -  1 2 m) 2 aq  w C 1 
The  corresponding  results  for  the  root  formulation  still,  assuming  n > my 
are : 
F o r   p o s i t i v e   s k i n   f r i c t i o n ,  c must be p o s i t i v e .   F o r   t h i s   c a s e   t h e s e  
equat ions  show t h a t  w i t h  m = 1 any  va lue ,  pos i t i ve  o r  nega t ive ,  may be 
o b t a i n e d  f o r  t h e  s e c o n d  d e r i v a t i v e  a t  t h e  w a l l  w i t h  e i t h e r  f o r m u l a t i o n  
depending  upon  the  sign  and  value of c2 .  However, f o r  m g r e a t e r   t h a n  
1 ,on ly  nega t ive  va lues  o f  t he  second  de r iva t ive  can  be ob ta ined  fo r  pos i -  
t i ve   sk in   f r i c t ion   u s ing   t he   no - roo t   fo rmula t ion .   These   f ac t s   i nd ica t e  
t h a t  m = 1 should be inc luded   i n   t he   no - roo t   fo rmula t ion   t o   i nc lude   t he  
p o s s i b i l i t y  t h a t  t h e  s e c o n d  d e r i v a t i v e  be z e r o  a t  t h e  w a l l  f o r  z e r o  p r e s -  
s u r e  g rad ien t   i n   acco rdance  w i t h  boundary-layer  theory.  However, o t h e r  
va lues   o f  m have  been  included  in   the  s tudies   for   completeness .  
1 
The incompress ib le  empir ica l  f la t -p la te  tu rbulen t  ve loc i ty  grad ien ts  
generated by the method previously descr ibed are  shown a s  c u r v e s  i n  f i g -  
u r e s  2 and 3 .  Also shown i n  t h e  f i g u r e s  a s  symbols a r e  t h e  v a r i o u s  f i t s  
obtained  using  the  no-root  and  the  root  formulatkions.   For  the  no-root 
formulat ion  with m = 1 and n = 3 t h e  f i t  seems b e t t e r  a t  low  Reynolds 
number.  For m = 1 and n = 5 t h e  f i t  seems b e t t e r   a t   h i g h e r  Reynolds 
numbers. Since  high  Reynolds numbers a r e  o f  i n t e r e s t  f o r  t u r b u l e n t  bound- 
a r y   l a y e r s ,  it i s  f e l t  t h a t  m = 1 and n = 5 o f f e r s   t h e   b e s t   o v e r a l l  
f i t  f o r  f l a t  p l a t e s .  
The r e su l t s  ob ta ined  fo r  t he  roo t  fo rmula t ion ,  f i gu re  3 ,  a r e  s i m i l a r  
to  those  obtained  for  the  no-root  formulation.  Here,   however,   the  formula- 
t i o n   w i t h  m = 1 and n = 5 y i e l d s  a good f i t  ove r   t he  en t i re  Reynolds 
number r a n g e  f o r  f l a t  p l a t e s .  
Computer programs using the no-root formulation have been writ ten 
us ing  both  n = 2 and 5. N o  p re fe rence  of one  over   the  other  was  found 
between  similar  computer r u n s .  Under adve r se   p re s su re   g rad ien t s ,   a s   t he  
v e l o c i t y  p r o f i l e s  t e n d  t o w a r d  s e p a r a t e d  p r o f i l e s ,  t h e y  a r e  n o t  n e a r l y  so 
f u l l  a s  f l a t - p l a t e  p r o f i l e s  a t  l a r g e  R e y n o l d s  n u m b e r s .  It  appea r s   t ha t  
t h e  less f u l l  p r o f i l e s  s h o u l d  b e  f i t  b e t t e r  w i t h  n = 2 than  with n = 5 
Accordingly, n = 2 was chosen  as  the  exponent  to  use  i n  the  no-root 
ve loc i ty -g rad ien t  r ep resen ta t ion .  
For the  roo t  ve loc i ty -g rad ien t  r ep resen ta t ion  the  exponen t s  m = 1 
and n = 5 w e r e  adopted.  These  exponents w e r e  adopted i n  view  of  the 
conc lus ions   r eached   i n   t he   l ea s t - squa res   f i t t i ng   s tudy .  I t  was a l s o  found 
t h a t  u s i n g  a computer  program  based on m = 1 and n = 2 ,  a convergent 
s o l u t i o n  was not  ob ta ined .  The r e a s o n  f o r  t h i s  b e h a v i o r  is  no t  known. 
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D E S C R I P T I O N  O F  COMPUTER PROGRAMS 
Dur ing  the  course  of  th i s  inves t iga t ion  severa l  computer  programs 
f o r  t u r b u l e n t  b o u n d a r y  l a y e r s  w e r e  generated. These programs a r e  based 
on va r ious  ve loc i ty -g rad ien t  r ep resen ta t ions  and eddy-viscosity models. 
Two o f  t h e s e  a r e  i m p o r t a n t - w i t h  r e g a r d  t o  t h e  work r epor t ed  he re in .  
The f i r s t  program is one f o r  t h e  c a l c u l a t i o n  of turbulent  boundary 
l a y e r s  on nonadiabatic two-dimensional or axisymmetric bodies with pre- 
s c r i b e d  p r e s s u r e  d i s t r i b u t i o n .  A manual f o r  t h i s  computer  program,  refer- 
ence 2 1 ,  has  been  wr i t ten .  The computer  program i s  based on the no-root  
ve loc i ty -g rad ien t   r ep resen ta t ion   w i th  m = 1 and n = 2 ,  and t h e  eddy- 
v i s c o s i t y  model  used i s  t h a t  p r e v i o u s l y  d e s c r i b e d .  The body shapes for 
e i ther  the  two-dimens iona l  or  ax isymmetr ic  cases  a re  in t roduced  in to  t h e  
program i n  t h e  form  of  segmented  polynomials. The p r e s s u r e  d i s t r i b u t i o n  
i s  introduced into the program i n  t h e  same f a s h i o n  a s  t h e  body shapes.  
I t  i s  t h i s  program t h a t  h a s  b e e n  u s e d  t o  make many predic t ions  for  compar i -  
son between experiment and theory. 
The second program is  based on the  roo t  ve loc i ty -g rad ien t  r ep resen ta -  
t ion  and  the  eddy-v iscos i ty  model prev ious ly  descr ibed .  The program i s  
v a l i d  o n l y  f o r  f l a t - p l a t e  c o n f i g u r a t i o n s  w i t h  a ze ro  p re s su re  g rad ien t .  
Since the program i s  so l i m i t e d ,  it has not  been descr ibed i n  d e t a i l  i n  
any  published  documents. The program, when gene ra l i zed  to  hand le  p re s su re  
g r a d i e n t s ,  c o n t a i n s  t h e  i n h e r e n t  p o s s i b i l i t y  o f  b e i n g  m a t h e m a t i c a l l y  v a l i d  
a t  s e p a r a t i o n .  
I t  i s  notewor thy  tha t  the  f i rs t  computer program has upper and lower 
bounds of Reynolds number beyond which it w i l l  no t  ope ra t e  p rope r ly .  
These limits a r e  g i v e n  i n  t h e  manual for  the  program,  re ference  21 .  
I N I T I A L  CONDITIONS 
To s ta r t  a boundary-layer  solut ion requires i n i t i a l  v a l u e s  o f  t h e  
c i ' s  for   the   no- root   formula t ion   and   of   the   c i ' s   and  c f o r   t h e   r o o t  
f o r m u l a t i o n .  O b t a i n i n g  i n i t i a l  c o n d i t i o n s  i s  a d i f f i c u l t  problem  associ- 
ated with using the present computer program. Several  methods have been 
developed  for  ob ta in ing  in i t ia l  condi t ions ,  and  these  methods  w i l l  now be 
presented .  
- 
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The d i scuss ion  of  i n i t i a l  c o n d i t i o n s  h a s  b e e n  d i v i d e d  i n t o  t h r e e  main 
p a r t s .  I n  t h e  f i rs t  p a r t  g e n e r a l  m e t h o d s  f o r  o b t a i n i n g  i n i t i a l  c o n d i -  
t i o n s   t o   s t a r t  any  problem are  presented  for  bo th  the  root  and no-root 
formulat ions.  I n  t he  s e c o n d  p a r t  s o l u t i o n s  f o r  f l a t  p l a t e s  w i t h  no pres-  
su re  g rad ien t s  a r e  d i scussed .  These  so lu t ions  can  be  used  t o  s t a r t  o t h e r  
t y p e s  o f  s o l u t i o n s  i n  many cases .  The t h i r d  and f i n a l  p a r t  c o n t a i n s  a 
d i scuss ion  o f  t he  recommended p r o c e d u r e  f o r  o b t a i n i n g  i n i t i a l  c o n d i t i o n s  
when an a r b i t r a r y  p r e s s u r e  g r a d i e n t  o c c u r s .  
General Methods f o r  O b t a i n i n g  I n i t i a l  C o n d i t i o n s  
I n  t h i s  s e c t i o n  two gene ra l  me thods  a re  p re sen ted  fo r  f ind ing  in i t i a l  
cond i t ions .  The f i r s t  method i n v o l v e s  f i t t i n g  a v e l o c i t y  p r o f i l e  w i t h  
t h e   v e l o c i t y - g r a d i e n t   f o r m u l a t i o n   t o   o b t a i n   t h e   i n i t i a l  ti's. The second 
method involves  the  so lu t ion  of  s imul taneous  equat ions  in  te rms  of  such  
i n i t i a l  b o u n d a r y - l a y e r  p r o p e r t i e s  a s  s k i n - f r i c t i o n  c o e f f i c i e n t ,  d i s p l a c e -  
ment thickness ,  and momentum th ickness .  The f i r s t  method  can  only  be  used 
when an i n i t i a l  v e l o c i t y  p r o f i l e  i s  given. The second  method  can  be  used 
when e i t h e r  a v e l o c i t y  p r o f i l e  o r  g r o s s  p r o p e r t i e s  a r e  g i v e n  s i n c e  g r o s s  
proper t ies  can  be  obta ined  f rom the  prof i le .  
Least-squares method.- The method of leas t  squares  used  above  in  the  
s tudy  o f  ve loc i ty -g rad ien t  r ep resen ta t ion  can  a l so  be  used  to  gene ra t e  
i n i t i a l   c o n d i t i o n s .   F o r   i n c o m p r e s s i b l e   a d i a b a t i c   f l o w   t h e  method i s  
direct .   For   compressible   f lows it becomes  more compl ica ted   s ince   the  
compress ib l e  p ro f i l e  m u s t  be t ransformed to  the  Dorodni t syn  p lane .  I n  
view of t h i s  c o m p l i c a t i o n  l e a s t - s q u a r e s  f i t t i n g  o f  c o m p r e s s i b l e  v e l o c i t y  
p r o f i l e s  was n o t  c a r r i e d  o u t  h e r e i n .  
~n approximate  method of  ob ta in ing  in i t ia l  condi t ions  from t h e  l e a s t -  
squa res  me thod  fo r  compress ib l e  ve loc i ty  p ro f i l e s  i s  t o  u s e  t h e  B a r o n t i -  
Libby  method,  reference 14.  The c i ' s  t o  b e   u s e d   f o r   i n i t i a l   c o n d i t i o n s  
a r e  t h o s e  o b t a i n e d  by f i t t i n g  an  equiva len t  incompress ib le  ve loc i ty  pro-  
f i l e .  The equ iva len t  i ncompress ib l e  ve loc i ty  p ro f i l e  co r re sponds  to  the  
i n c o m p r e s s i b l e   s k i n - f r i c t i o n   c o e f f i c i e n t ,   c f ,  and  form f a c t o r  E ,  found 
using  the  Baront i -Libby  t ransformation.  To f i n d   c f ,   e q u a t i o n s  (96) and 
(97)  a re   so lved   s imul taneous ly .  The form f a c t o r ,  gy i s  then  obtained 
us ing   equat ion  (106) and t h e   v a l u e   o b t a i n e d   f o r   c f .  With these  two  param- 
e t e r s  , c f  and Ey an  incompress ib l e  ve loc i ty  p ro f i l e  can  be  cons t ruc t ed  
N 
N 
N 
N 
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f o r   f i t t i n g   p u r p o s e s .  The r e s u l t i n g   c i ' s   c a n  be used t o  s t a r t  t h e  com- 
p res s ib l e  boundary - l aye r  so lu t ion .  
In i t i a l  cond i t ions  have  been  gene ra t ed  fo r  s eve ra l  ve loc i ty -g rad ien t  
r e p r e s e n t a t i o n s  f o r  a wide  range  of   f low  condi t ions.   These  ini t ia l  con- 
d i t i o n s  were a by -p roduc t  o f  t he  ve loc i ty -g rad ien t  r ep resen ta t ion  s tudy  
d iscussed  previous ly .  Resul t s  for  bo th  root  and  no- root  formula t ions  wi th  
m = 1 f o r  n = 2 and 5 a r e   p r e s e n t e d   i n   t a b l e  I fo r   i ncompress ib l e   f l a t -  
p l a t e ,  ad i aba t i c  boundary  l aye r s  w i th  no  pressure g rad ien t s .  
The equat ions used i n  t he  l ea s t - squa res  method a re  desc r ibed  i n  
d e t a i l  i n  r e fe rence  21. 
Gross p r o p e r t i e s  method.- A second general  method for ob ta in ing  i n i -  
t i a l  c o n d i t i o n s  u t i l i z e s  g r o s s  b o u n d a r y - l a y e r  p r o p e r t i e s .  I t  i s  assumed 
t h a t  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t ,  t h e  d i s p l a c e m e n t  t h i c k n e s s ,  a n d  t h e  
momentum th i ckness  a re  e i the r  g iven  o r  can  be  ca l cu la t ed  from a given 
v e l o c i t y   p r o f i l e .  The s imul t aneous   equa t ions   t o   be   so lved   fo r   t he   c i ' s  
of  the no-root  formulat ion are:  
S k i n - f r i c t i o n  c o e f f i c i e n t :  
2 1 c = - -  
fi c1 
Momentum th ickness :  
J RJO 
Displacement thickness:  
n + 2 )  
I t  is  a s imple   ma t t e r   t o   so lve   t hese   equa t ions   g iven  c 6*,  and 8 .  
T h i s  method h a s  b e e n  u s e d  s u c c e s s f u l l y  t o  o b t a i n  i n i t i a l  c o n d i t i o n s .  One 
d i f f i c u l t y   h a s   a r i s e n   f o r  a case  where m = 1 and n = 2 .  Consider   the 
polynomial c + c2T + cgE2 t h a t   o c c u r s  i n  the   denominator   o f   the   ve loc i ty-  
g rad ien t   r ep resen ta t ion .  The c i ' s   o b t a i n e d   f o r   t h e   c a s e   i n   q u e s t i o n  
r e su l t ed   i n   roo t s   o f  t he   po lynomia l   i n   t he   r ange  0 1 so t h a t  aT/aq 
f' 
1 
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w a s  i n f i n i t e  i n  t h e  b o u n d a r y  l a y e r .  A s l i g h t  p e r t u r b a t i o n  i n  t h e  v a l u e  
of  momentum thickness ,  which could be within the expe r imen ta l  e r ro r ,  was 
found t o  c u r e  t h e  d i f f i c u l t y . .  U s u a l l y  t h e  r o o t s  o f  t h e  p o l y n o m i a l  a r e  
complex so t h a t  no i n f i n i t y  i n  %/aq occurs   in   the   boundary   l ayer .  
The a p p l i c a t i o n  of the  boundary- layer  proper t ies  method to  the  root  
ve loc i ty-gradien t   representa t ion   involves   four   var iab les .   Another   g ross  
proper ty  of  the  boundary  layer  must ,  therefore ,  be  known. Such a p rope r ty  
might  be the moment-of-momentum t h i c k n e s s  d e f i n e d  a s  
For   the   roo t   formula t ion   wi th  m = 1 and n = 5 t h e r e  i s  obta ined  
e* = a 
TT U 
0 
+ c2g3 + 
The thermal energy thickness,  which is  ano the r  g ross  p rope r ty  f r equen t ly  
known, could  not  have  been  used  in  the  present  case  because  through the  
Crocco  r e l a t ionsh ip  it i s  i d e n t i c a l  w i t h  t h e  momentum th i ckness .  
Equations (81) , (82) , (83) , and (115) can  be  solved  simultaneously - 
f o r   t h e   f o u r  unknowns c y  c l ,   c2 ,   and  c . For t h i s   s o l u t i o n  me would 
be   t aken   equa l   t o  meo .  T h i s   s o l u t i o n  i s  not   easy  because of t h e  9 i ' S  
which a re   compl ica ted   func t ions  of c .  An i t e r a t i v e  s o l u t i o n  on a cam- 
p u t e r  a p p e a r s  t o  be t h e  b e s t  way t o  o b t a i n  a s o l u t i o n .  The boundary- 
l a y e r  p r o p e r t i e s  method has  no t  been  used  du r ing  the  p re sen t  i nves t iga t ion  
f o r  t h e  r o o t  f o r m u l a t i o n  c a s e .  
3 
- 
I n i t i a l  C o n d i t i o n s  i n  t h e  Absence of 
Pressure  Gradient  
The computer program applied to boundary layers on f l a t  p l a t e s  o r  
cy l inders  wi th  sharp  leading  edges  and no imposed p r e s s u r e  g r a d i e n t s  w i l l  
develop  asymptot ic   or   locked-in  solut ions.   These  locked-in  solut ions,  
which a r e  t h e  u n i q u e  s o l u t i o n s  f o r  t h e s e  c o n f i g u r a t i o n s ,  a r e  u s e f u l  i n  
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two respects .  First they  provide  predic t ions  for  compar ison  wi th  f la t -  
p l a t e  da t a ,  wh ich  i s  the most  common type of  da ta  ava i lab le .  Secondly ,  
many s o l u t i o n s  w i t h  p r e s s u r e  g r a d i e n t s  c a n  b e  s t a r t e d  u s i n g  t h e  f l a t - p l a t e  
i n i t i a l  c o n d i t i o n s .  I f  t h e  p r e s s u r e  g r a d i e n t s  p r i o r  t o  t h e  d e s i r e d  s t a r t  
of  ca l cu la t ions  a re  ze ro  eve rywhere ,  t hen  these  f l a t -p l a t e  so lu t ions  r ep re -  
s e n t  p r e c i s e  i n i t i a l  c o n d i t i o n s .  Even  when p r e s s u r e  g r a d i e n t s  e x i s t  a t  
t h e  s t a r t i n g  p o i n t ,  f l a t - p l a t e  i n i t i a l  c o n d i t i o n s  a r e  f r e q u e n t l y  v e r y  good. 
Ob ta in ing  the  locked- in  f l a t -p l a t e  so lu t ions  i s  sometimes d i f f i c u l t  
and  usua l ly  requi res  severa l  computer  runs .  The s o l u t i o n s  a r e  g e n e r a l l y  
s t a r t e d  from an i n i t i a l  set of  condi t ions obtained from some approximate 
scheme such as  the  general   methods  a l ready  presented.  Then a f l a t - p l a t e  
computer  run over  one or  two orders  of  magni tude in  axial  dis tance i s  
made. Af t e r  a s h o r t  t r a n s i e n t ,  t h e  r e s u l t i n g  s o l u t i o n  d e v e l o p s  a long- 
t e r m  t r e n d ,  such  as  a l o g a r i t h m i c  v a r i a t i o n ,  w h i c h  i n d i c a t e s  t h a t  it i s  
locked i n .  
For   the   no- root   formula t ion   the  c i ' s  obtained from a computer  un 
a f t e r  a l o n g  a x i a l  d i s t a n c e  a r e  t h e n  p l o t t e d  and ex t r apo la t ed  back  to  the  
s t a r t i n g   p o i n t .   U s i n g  these new c i ' s   t h e  same process  i s  repea ted  
u n t i l  a locked- in   so lu t ion  i s  gene ra t ed .   Typ ica l   r e su l t s   ob ta ined   u s ing  
the  no-root  program  are shown i n  f i g u r e  4.  The i n i t i a l  ti's used  f o r  
t h e  f i rs t  run were obtained by l e a s t - s q u a r e s  f i t t i n g  and the Baronti  and 
Libby  method d iscussed  previous ly .  I t  i s  seen  tha t  t he  so lu t ion  locked  
i n t o  a logar i thmic  t r e n d  very  quick ly .  Two back  extrapolat ions  were re- 
q u i r e d  t o  e s t a b l i s h  t h e  f i n a l  s o l u t i o n .  
F l a t -p l a t e  so lu t ions  fo r  t he  no - roo t  fo rmula t ion  ove r  a l a r g e  m a t r i x  
of  Mach number,  Reynolds  number,  and  temperature r a t i o  show t h a t  t h e  ti's 
v e r s u s  a x i a l  d i s t a n c e  f o l l o w e d  s t r a i g h t  l i n e s  on log-log  paper .   In   addi-  
t i o n ,  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t ,  d i s p l a c e m e n t  t h i c k n e s s ,  a n d  momentum 
t h i c k n e s s e s  a r e  s t r a i g h t  l i n e s  on log-log paper when p l o t t e d  v e r s u s  a x i a l  
d i s t ance .  Th i s  l i nea r  p rope r ty  a l lows  p resen ta t ion  o f  a l a r g e  m a t r i x  o f  
i n i t i a l  c o n d i t i o n s  i n  t h e  r e l a t i v e l y  s h o r t  t a b l e ,  t a b l e  11. The va lues  
shown i n  t h i s  t a b l e  f o r  t h e  ti's, sk in - f r i c t ion   coe f f i c i en t ,   d i sp l acemen t  
thickness ,   and momentum t h i c k n e s s  f o r  x = 1.0  and  10.0  allow  the  reader 
t o  e s t a b l i s h  v a l u e s  w i t h i n  t h e  range by s imply drawing s t ra ight  l ines  on 
log-log paper .  Extrapolat ion of  t h e  l i n e s  p l o t t e d  o u t s i d e  o f  t h e  r a n g e  
i s  dangerous b u t  can  be  done  wi th in  cer ta in  l i m i t s  of Reynolds number t o  
e s t a b l i s h  a p p r o x i m a t e  i n i t i a l  c o n d i t i o n s .  
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The w i d e  r a n g e  o f  f l a t - p l a t e  i n i t i a l  c o n d i t i o n s  was not  genera ted  
fo r  t he  roo t  fo rmula t ions  fo r  s eve ra l  r easons .  In  the  first p l a c e  t h e  
root program i s  n o t  n e a r l y  so f a s t  a s  t he  no - roo t  p rogram,  and long runs 
cannot  be gene ra t ed   qu ick ly .   In   add i t ion ,   t he   va r i a t ion   o f  c and t h e  
c ' s  w i t h   a x i a l   d i s t a n c e  i s  n o t  l i n e a r  on log-log  paper.  The o n l y  f l a t -  
p l a t e  s o l u t i o n  g e n e r a t e d  d u r i n g  t h e  p r e s e n t  i n v e s t i g a t i o n  f o r  a ze ro  Mach 
number ad iaba t i c  wa l l  ove r  a wide Reynolds number range i s  shown i n  f i g -  
u r e  5. The f i g u r e  shows  an  upper l i m i t  on the  Reynolds number f o r  which 
the  root   program w i l l  ope ra t e .  A t  a Reynolds number of  about Rx = l o 8 ,  
t h e   c i l s   t e n d   t o   i n f i n i t y .  I n  t h i s   f i g u r e   t h e   p r e d i c t e d   s k i n - f r i c t i o n  
c o e f f i c i e n t  i s  compared t o  t h o s e  o b t a i n e d  from cor re l a t ion  l aws  o f  known 
va l id i ty .   For   these   compar isons   the   numer ica l  method  of r e fe rences  2 2  
and 2 3  have  been  used. The agreement  between  prediction  and  experiment 
i s  considered  good.  While a convergent   solut ion  has   been  found  for  m = 1 
and n = 5,  on ly   d ivergent   so lu t ions   have   been   exper ienced   for  m = 1 
and n = 2 .  
- 
i 
In i t i a l  Cond i t ions  wi th  P res su re  Grad ien t s  
Present  
Problems involv ing  pressure  grad ien ts  can  be  d iv ided  in to  two ca te -  
g o r i e s ,  t h o s e  f o r  w h i c h  t h e  i n i t i a l  c o n d i t i o n s  c o r r e s p o n d  t o  z e r o  g r a -  
d i e n t s  and t h o s e  f o r  which they  do  not .  I n  t h e  s e c o n d  c a s e  t h e  i n i t i a l  
p r e s s u r e  g r a d i e n t  c a n  b e  e i t h e r  p o s i t i v e  o r  n e g a t i v e .  T h i s  s e c t i o n  con- 
s i d e r s  i n i t i a l  c o n d i t i o n s  f o r  t h e  n o - r o o t  f o r m u l a t i o n  o n l y  s i n c e  c a l c u l a -  
t ions  wi th  pressure  grad ien ts  have  not  been  made fo r  t he  roo t  fo rmula t ion .  
Any one  of  the  prev ious ly  presented  methods  for  ob ta in ing  in i t ia l  
cond i t ions  may b e  u s e f u l  f o r  s t a r t i n g  s o l u t i o n s  w i t h  p r e s s u r e  g r a d i e n t s .  
I t  i s  recommended tha t  t he  f l a t -p l a t e  so lu t ion  be  used  a s  a f i rs t  approxi- 
mation  even when p r e s s u r e   g r a d i e n t s   a r e   p r e s e n t .  The c i l s   f o r   t h e  
locked- in  f l a t -p l a t e  so lu t ion  a re  t h e n  chosen to  co r re spond  to  the  edge  
f low condi t ions and some  known boundary- layer  quant i t ies  such  as  sk in -  
f r i c t i o n   c o e f f i c i e n t ,   d i s p l a c e m e n t   t h i c k n e s s ,   o r  momentum th i ckness .  It 
may n o t  be p o s s i b l e  t o  match a l l  t h r e e  b o u n d a r y - l a y e r  q u a n t i t i e s  w i t h  
f l a t - p l a t e  ti's. T h i s   r e s u l t   f o l l o w s  from t h e   f a c t   t h a t  i f  the   sk in-  
f r i c t i o n  c o e f f i c i e n t  i s  s p e c i f i e d  f o r  a f l a t  p l a t e ,  t h e n  e i t h e r  d i s p l a c e -  
ment t h i c k n e s s  o r  momentum th ickness  can  be  independent ly  spec i f ied ,  bu t  
no t  bo th .  In  the  case  o f  s eve re  p re s su re  g rad ien t s  ac t ing  on the  boundary 
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l a y e r  i n  f r o n t  o f  a l o c a t i o n  where i n i t i a l  c o n d i t i o n s  a r e  t o  b e  s p e c i f i e d ,  
it i s  p r o b a b l e  t h a t  f l a t - p l a t e  i n i t i a l  c o n d i t i o n s  w i l l  no t  provide  a good 
f i r s t  app rox ima t ion .  
I f  t he  in i t i a l  cond i t ions  canno t  be  approx ima ted  by  f l a t -p l a t e  i n i -  
t i a l  c o n d i t i o n s ,  t h e n  e i t h e r  one  of  the  o ther  two methods mentioned i n  t h e  
s e c t i o n  on genera l  methods  can  be  used  to  s ta r t  a p re s su re -g rad ien t  s o l u -  
t i o n .  Of these  two  methods t h e  one p r e f e r r e d  i s  t h e  g r o s s  p r o p e r t i e s  
method.  Here t h e   s k i n - f r i c t i o n   c o e f f i c i e n t ,   d i s p l a c e m e n t   t h i c k n e s s ,  and 
momentum t h i c k n e s s  a r e  u s e d  t o  e s t a b l i s h  t h e  i n i t i a l  v a l u e s  o f  t h e  ti's. 
This method g u a r a n t e e s  t h a t  t h e s e  i n i t i a l  g r o s s  p r o p e r t i e s  a r e  c o r r e c t .  
Also,  the method sets the  eddy-v iscos i ty  model a t  t h e  c o r r e c t  i n i t i a l  
t u rbu lence  l eve l  s ince  the  model i s  a func t ion  o f  sk in - f r i c t ion  coe f f i -  
c ien t  and Reynolds number based on displacement  thickness .  
The l eas t - squa res  method w i l l  work e q u a l l y  a s  w e l l  a s  t h e  g r o s s  p r o -  
p e r t i e s  method, although it d o e s  n o t  n e c e s s a r i l y  s e t  t h e  i n i t i a l  t u r b u -  
l e n c e  l e v e l  p r e c i s e l y  s i n c e  a precise  value of  displacement  thlckness  i s  
not  guaranteed by a l e a s t - s q u a r e s  f i t  t o  a v e l o c i t y - g r a d i e n t  p r o f i l e .  
The r e s u l t s  u s i n g  t h i s  method, however, appear t o  be  equa l ly  a s  good a s  
those  ob ta ined  us ing  the  g ross  p rope r t i e s  method. I n  b o t h  c a s e s  i n i t i a l  
t r a n s i e n t s  a r e  s m a l l  i f  t h e  i n p u t  d a t a  u s e d  t o  o b t a i n  t h e  i n i t i a l  c o n d i -  
t i ons  a re  compa t ib l e  wi th  each  o the r  and w i t h  t h e  p r e s s u r e  g r a d i e n t  t o  be 
imposed.  For  example,  for a g i v e n   i n i t i a l   p r e s s u r e   g r a d i e n t ,  a given 
s k i n - f r i c t i o n  c o e f f i c i e n t ,  a n d  a g iven  d isp lacement  th ickness ,  there  i s  
only  one  value  of momentum th i ckness  and thus  one  se t  of c i ' s  which 
w i l l  a l low a so lu t ion  of  the  boundary- layer  equat ions  to  cont inue  wi thout  
t r a n s i e n t s .  
COMPARISON BETWEEN EXPERIMENT AND THEORY  FOR 
THE TWO-DIMENSIONAL  CASE 
I n  o r d e r  t o  t es t  t h e  p r e s e n t  t h e o r y  a number of comparisons have been 
made be tween exper imenta l  resu l t s  and  theore t ica l  p red ic t ions  from t h e  
computer  program  based  on  the  no-root  formulation. The r e s u l t s  o b t a i n e d  
a re  p re sen ted  in  the  fo l lowing  pa rag raphs  fo r  a wide range of speeds for 
two-dimensional   configurat ions.  The f i r s t  two cases   cons ide red   a r e   fo r  
incompressible  f low,  and the subsequent  cases  are  €or  supersonic  f low.  
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Configuration of Schubauer-Klebanoff 
I n  r e f e r e n c e  24 Schubauer and Klebanoff present the r e su l t s  o f  a low- 
speed  inves t iga t ion  of  tu rbulen t  boundary  layers  on a streamlined configu- 
r a t i o n ,  t h e  p r e s s u r e  d i s t r i b u t i o n  o f  which i s  c o n t r o l l e d  by a protuberance 
on the wind-tunnel  wal l .  The r e s u l t i n g  pressure d i s t r i b u t i o n  a c t i n g  on 
the boundary layer  i s  shown i n  f i g u r e  6 t o g e t h e r  w i t h  a n  a n a l y t i c a l  f i t  
t o  t h e  d i s t r i b u t i o n .  The a n a l y t i c a l  f i t  t o  t h e  p r e s s u r e  d i s t r i b u t i o n ,  
used as  input  to  the  boundary- layer  program,  u t i l i zes  segmented  polynom- 
i a l s  o f  v a r y i n g  d e g r e e  a s  shown i n  t h e  f i g u r e .  The i n i t i a l  c o n d i t i o n s  
for  the  boundary- layer  ca lcu la t ions  w e r e  ob ta ined  us ing  the  gross  proper -  
t i e s  method. 
I n  f i g u r e  7 ( a )  t h e  p r e d i c t e d  s k i n - f r i c t i o n  c o e f f i c i e n t  i s  compared 
wi th   t he   expe r imen ta l   sk in - f r i c t ion   coe f f i c i en t .  The experimental   skin- 
f r i c t i o n  c o e f f i c i e n t s  a r e  n o t  t h e  o n e s  t o  be  found i n  r e f e r e n c e  24,  which 
w e r e  obtained from t h e  momentum e q u a t i o n  a p p l i e d  a t  t h e  w a l l  i n  c o n j u n c -  
t i o n  w i t h  an ex t r apo la t ion  o f  t u rbu len t  shea r ing  stress t o  t h e  w a l l .  
These r e su l t s  a re  be l i eved  by  the  p re sen t  au tho r s  t o  be  in  e r ro r .  The 
experimental  r e s u l t s  p re sen ted  in  f igu re  7 (a )  w e r e  ob ta ined  a t  S t an fo rd  
Univers i ty  by  matching  the  exper lmenta l  ve loc i ty  prof l les ,  p resented  in  
re ference  24 ,  to  the  law of  the  wal l .  The agreement  between  experiment 
and theory i s  good € o r  t h e  e n t i r e  r a n g e  o f  f a l l i n g  p r e s s u r e  and for about 
3 f e e t  o f  t h e  8 f ee t  o f  adve r se  p re s su re  g rad ien t  p reced ing  sepa ra t ion .  
The agreement between experiment and theory shown i n  f i g u r e s  7 ( b )  
and (c )  for  d i sp lacement  th ickness  and momentum th i ckness  i s  a l s o  good 
for  about  one-half  to  two-thirds  of  the length of adverse  pressure  gra-  
d i en t   p reced ing   s epa ra t ion .   Seve ra l   poss ib l e   causes  ex i s t  f o r   t h e   l a c k  
of  agreement in   the  neighborhood of separa t ion .   F i r s t   the   no- root  
ve loc i ty-gradien t  representa t ion  used  for  th i s  ana lys i s  cannot  reproduce  
t h e  z e r o  w a l l  s h e a r  a t  s e p a r a t i o n .  How far  ahead of  separat ion this  mathe-  
ma t i ca l  i l l - cond i t ion ing  w i l l  have  an  influence i s  n o t  known. Another 
possible  cause of  lack of  agreement  i s  the  eddy-v iscos i ty  model being 
used.  While t h e  p r e s e n t  model  does  not  appear  i l l-conditioned a t  separa- 
t i o n ,  t h e r e  e x i s t s  no experimental   proof  of i t s  v a l i d i t y  t h e r e .  An addi- 
t i ona l  ques t ion  tha t  has  a r i s en  conce rn ing  expe r imen ta l  low-speed turbu- 
l e n t  boundary layers i s  whether they obey the two-dimensional boundary- 
l a y e r  e q u a t i o n s  a t  s e p a r a t i o n .  
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Figure 8 presents comparisons between experimental  and p red ic t ed  
v e l o c i t y  p r o f i l e s  a t  s e l e c t e d  s t a t i o n s .  F i g u r e  8 ( a )  shows t h e  i n i t i a l  
v e l o c i t y  p r o f i l e  where the  agreement i s  good. F igu re  8 (b )  shows t h e  
agreement still t o  be good a f t e r  a b o u t  6 f e e t  o f  s t r o n g  f a v o r a b l e  p r e s s u r e  
g r a d i e n t .  The agreement  remains good through the  near ly  cons tan t  pressure  
r eg ion ,  a s  shown i n  f i g u r e  7 (c) , and con t inues  in to  the  s t rong  adve r se  
pressure-gradien t   reg ion ,   as  shown by f i g u r e   7 ( d ) .  However, a s   s e p a r a t i o n  
i s  approached the agreement between theory and experiment deteriorates 
r a p i d l y ,  u n t i l  i n  f i g u r e  8 ( f )  j u s t  b e f o r e  s e p a r a t i o n ,  it i s  no t  good a t  
a l l .  I t  cannot  be  sa id  for c e r t a i n  what t he  exac t  cause  o f  l ack  of agree- 
ment i s ,  a l though  the  th ree  f ac to r s  p rev ious ly  men t ioned  cou ld  a l l  be con- 
t r i b u t i n g .  
Low-Speed A i r f o i l  Data of Newman 
Extensive,  low-speed,  turbulent,  boundary-layer  measurements  have 
been presented i n  r e fe rence  2 5  by Newman f o r  an a i r f o i l  c o n f i g u r a t i o n ,  a 
ske tch  of  which  i s  shown i n  f i g u r e  9.  Also shown i n  t h e  s k e t c h  a r e  t h e  
s t a t i o n s  a t  which boundary-layer traverses were made. I t  w i l l  be  noted 
t h a t   a l l  measurements were made on t h e  l e e  s i d e  o f  t h e  a i r f o i l  i n  t h e  
reg ion  of  adverse  pressure  grad ien ts .  
The i n i t i a l  c o n d i t i o n s  f o r  t h i s  r u n  were  es tab l i shed  us ing  the  gross  
boundary- layer   p roper t ies  method d iscussed   prev ious ly .  The s k i n - f r i c t i o n  
coe f f i c i en t ,  d i sp l acemen t  th i ckness ,  and t h e  momentum thickness were used 
t o   o b t a i n   t h e   i n i t i a l   c i ' s   a t   s t a t i o n  B. A t  s t a t i o n  B t h e   i n i t i a l  Mach 
number  was 0 . 1 2  and the reference Reynolds number p e r  f o o t  was 
8. 23x105 (l/ft) .
The p r e s s u r e  d i s t r i b u t i o n  which r e s u l t e d  on t h e  wing i s  shown i n  f i g -  
u r e  10 a long  with a s t r a i g h t - l i n e  f i t .  A s t r a i g h t - l i n e  f i t  was considered 
adequa te  because  the  p re s su re  coe f f i c i en t s  cou ld  no t  be  r ead  accu ra t e ly  
from t h e  v e r y  s m a l l  f i g u r e  i n  r e f e r e n c e  25 .  
I n  f i gu re  l l ( a )  t he  p red ic t ed  d i sp lacemen t  and  momentum th i cknesses  
a r e  compared w i t h  the  exper imenta l  va lues  of these q u a n t i t i e s .  Both pre- 
d i c t e d  q u a n t i t i e s  a g r e e  w e l l  w i th  the  expe r imen ta l  quan t i t i e s  excep t  nea r  
t h e  t r a i l i n g  e d g e  w h e r e  t h e  p r e d i c t e d  t h i c k n e s s e s  t e n d  t o  b e  t o o  l a r g e .  
A t  s t a t i o n  G the boundary layer  i s  near ly  separa ted ,  and  the  no- root  for -  
mulation  cannot go t o  s e p a r a t i o n .  Thus, t h e  good agreement  between  the 
39 
predic ted   and  experimental values o f  6" and 0 a p p r o a c h i n g   t h e   t r a i l i n g  
edge i s  encouraging. 
The predicted s k i n - f r i c t i o n  c o e f f i c i e n t  v a r i a t i o n  i s  compared wi th  
expe r imen ta l   da t a   i n   f i gu re  l l ( b ) .  The overal l   agreement  between experi- 
ment and theory i s  c o n s i d e r e d  f a i r .  
I n  f i g u r e  1 2  p red ic t ed  and  expe r imen ta l  ve loc i ty  prof i les  are com- 
pared .   F igure   12(a)  shows t h e  i n i t i a l  v e l o c i t y  p r o f i l e  a t  s t a t i o n  B, 
where gross boundary-layer properties w e r e  matched t o  s t a r t  t h e  c a l c u l a -  
t i o n s .  The agreement  between  experiment  and  theory i s  cons ide red   f a i r  
h e r e  a s  w e l l  a s  a t  t h e  two o t h e r  s t a t i o n s .  I t  should  be  noted  tha t  Newman 
cons ide r s  t ha t  h i s  f l ow approach ing  the  sepa ra t ion  po in t  does  no t  obey  
two-dimensional equations. 
Hypersonic Turbulent Layer on F l a t  P l a t e  With  and 
Without Oblique Shock Impingement 
Data w e r e  ob ta ined  on a f l a t  p l a t e  4 f e e t  l o n g  on which  an ob l ique  
shock wave could be induced by a wedge. The d a t a  u s e d  i n  t h i s  s e c t i o n  f o r  
comparison with theory w e r e  t aken  dur ing  the  course  of  the  exper imenta l  
i n v e s t i g a t i o n   r e p o r t e d   i n   r e f e r e n c e  26. The s p e c i f i c   d a t a   u s e d   h e r e i n  
w e r e  n o t  i n c o r p o r a t e d  i n  r e f e r e n c e  26. Two measur ing  s t a t ions  w e r e  used. 
The 2 .17- foot  s ta t ion  i s  near  the  middle  of  the  in te rac t ion  zone  for  a 
5O shock  genera tor  whi le  the  2 .95- foot  s ta t ion  i s  j u s t  downstream of t h e  
in t e rac t ion  zone .  A l l  d i s t a n c e s  are  measured  from t h e  p l a t e  l e a d i n g  e d g e .  
To s t a r t  t h e  f l a t - p l a t e  s o l u t i o n ,  i n i t i a l  c o n d i t i o n s  w e r e  ob ta ined  
from t a b l e  I1 by i n t e r p o l a t i o n  f o r  t h e  i n i t i a l  Mach number,  Reynolds num- 
ber, and   tempera ture   ra t io  shown in   f i gu re   13 .  The v e l o c i t y  p r o f i l e s  
r e s u l t i n g  from the  ze ro  p re s su re -g rad ien t  so lu t ion  a re  compared w i t h  t h e  
expe r imen ta l   ones   i n   f i gu res   13 (a )  and 1 3 ( b ) .  For   both  posi t ions  agree-  
ment between prediction and theory i s  good f o r  t h i s  z e r o  p r e s s u r e - g r a d i e n t  
ca se .  
A s  a m a t t e r  o f  i n t e r e s t  t h e  t e m p e r a t u r e  p r o f i l e  a t  s t a t i o n  2 .17  i s  
compared i n  f i g u r e  1 3 ( c )  w i t h  t h e  p r e d i c t e d  p r o f l l e .  I t  i s  s e e n  t h a t  t h e  
comparison i s  q u i t e  good excep t  nea r  t he  wa l l .  The two d a t a  p o i n t s  a t  
t h e  w a l l  show how  much the  wa l l  t empera tu re  rose dur ing  the  run .  The 
accuracy of the temperature measurements near the wall  because of errors 
induced by the presence of  the wal l  i s  unknown. 
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Figure 14 shows t h e  e x p e r i m e n t a l  p r e s s u r e  d i s t r i b u t i o n  r e s u l t i n g  
from  shock-wave,  boundary-layer,  interaction a s  w e l l  a s  t h e  a n a l y t i c  f i t  
t o  t he  expe r imen ta l  p re s su re  d i s t r ibu t ion  used  a s  inpu t  t o  the  boundary -  
layer  program. The b o u n d a r y - l a y e r  t h i c k n e s s  p r i o r  t o  i n t e r a c t i o n  i s  about 
0.03 f o o t ,  and t h e  e n t i r e  p r e s s u r e  r i s e  o c c u r s  i n  approximately 10  boundary- 
l a y e r  t h i c k n e s s e s .  P r e s s u r e  g r a d i e n t s  o f  t h i s  t y p e  a r e  c o n s i d e r e d  s e v e r e .  
The f low edge condi t ions w e r e  determined from the isentropic  f low 
r e l a t i o n s  and the  p re s su re  d i s t r ibu t ion  fo r  t he  inc iden t - shock  case .  F ig -  
u r e  15 shows a comparison between the predicted and experimental  displace- 
ment and momentum t h i c k n e s s e s  f o r  t h e  f l a t  p l a t e  w i t h  and without shock 
impingement. The agreement  between  experiment  and  theory  for  the  displace- 
ment t h i ckness  i s  ve ry  good for  bo th  cases .  For t h e  momentum th i ckness ,  
however, the agreement i s  n o t  a s  good wi th  the  zero-pressure-gradien t  pre-  
d i c t i o n  l y i n g  above  the  da ta  and  the  pressure-gradien t  pred ic t lon  ly ing  
below  the  datum  point .   In   the  case  of  a shock-wave,  boundary-layer i n t e r -  
action, agreement between experiment and theory might be expected upstream 
and  downstream  of the  shock  impingement. However, w i t h i n  t h e  i n t e r a c t i o n  
zone no agreement can be expected since the theory does not account for 
t h e  f a c t  t h a t  t h e  i n c i d e n t  shock  penet ra tes  deep  in to  the  layer .  The 
measu r ing  s t a t ion  fo r  t he  inc iden t  shock  case  i s  q u i t e  c l o s e  t o  t h e  down- 
s t ream end of  the  pressure  r ise,  and the  boundary  layer  has  not  ye t  become 
an  equilibrium  one.  Disagreement  between  experiment  and  theory  could 
a r i s e  from t h i s  c a u s e .  
N o  e x p e r i m e n t a l  s k i n - f r i c t i o n  d a t a  w e r e  a v a i l a b l e  f o r  t h i s  c a s e ,  b u t  
a s  a m a t t e r   o f   i n t e r e s t   t h e   p r e d i c t e d   v a r i a t i o n   o f   c f  i s  shown i n  f ig -  
u re  1 6  with  and  without  pressure  gradients.   For  comparison  with  the  zero- 
p r e s s u r e - g r a d i e n t  p r e d i c t i o n  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t  v a r i a t i o n  
obta ined  us ing  t h e  method o u t l i n e d  i n  r e f e r e n c e  2 2  i s  presented.  Agree- 
ment between these two p r e d i c t i o n s  i s  good except  near  the  lead ing  edge .  
The f i g u r e  shows  two q u a l i t a t i v e  e f f e c t s  f o r  t h e  p r e s s u r e - g r a d i e n t  c a s e ;  
f i r s t ,  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t  d e c r e a s e s  a s  it does approaching a 
s e p a r a t i o n  p o i n t ;  and secondly,  the downstream skin-fr ic t ion var ia t ion i s  
above  the  f l a t -p l a t e  va lue  fo r  no  p res su re  g rad ien t s .  
I n  f i g u r e  1 7  t h e  v e l o c i t y  p r o f i l e s  a r e  compared a t  t h e  one  ava i lab le  
s t a t i o n  where  data  were  taken  for  the  shock  impingement  case.  I t  appears  
t h a t  t h e  e x p e r i m e n t a l  p r o f i l e  h a s  n o t  y e t  c o m p l e t e l y  f i l l e d  o u t  a f t e r  t r a -  
v e r s i n g  t h e  i n t e r a c t i o n  r e g i o n .  
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Compression  Surface  Tested  at M, = 7.4 
I 
The  configuration  for  this  case  is  the  4-foot-long  compression  ramp 
shown  in  figure 18. All data  presented  in  this  report  are  published  in 
reference  26  except  the  velocity  profile  data.  In  the  present  case  the 
pressure  rise  occurs  over  approximately 100 boundary-layer'thicknesses. 
The  boundary-layer  thickness  at  the  first  measuring  station was 0 . 0 2 3 3  foot. 
Nonisentropic  edge  conditions  not  accounted  for  in  the  computer  pro- 
gram  made  it  difficult  to  determine  accurate  initial  conditions  for  the 
computer  run.  While  the  pressure  distribution  is known  over  most of the 
length of the  compression  surface,  displacement  and  momentum  thicknesses 
are known  only  at  the  two  measuring  stations. As shown  in  figure 19, the 
pressure  distribution  is  smooth  and  the  analytical  fit  to  the  distribu- 
tion  is  good.  The  distribution of edge  Mach  number  and  Reynolds  number 
per foot  are  shown  based  on  isentropic  edge  conditions  starting  from  an 
initial  edge  Mach  number of 6.07 and  an  initial  Reynolds  number  per  foot 
of 1.825~10~. These  two  values  were  selected so that  the  curves  would  go 
through  the  experimental  points  for  the  first  station.  However,  it  is 
seen  from  the  lack of agreement  at  the  downstream  station  that  the  edge 
conditions  are  not  even  approximately  isentropic  probably  because  of  cur- 
vature  of  the  bow  shock.  However,  it was  decided  to  proceed  with  the  cal- 
culation  on  the  assumption of isentropic  edge  conditions.  The  initial 
conditions  were  taken  to  be  locked-in  flat-plate  conditions  obtained  from 
table  11  by  interpolation  using  the  initial  Mach  number  and  Reynolds  num- 
ber  per  unit  length  previously  quoted. 
The  results of the  boundary-layer  calculation  are  compared  with  ex- 
periment  in  figure  20  for  displacement  thickness  and  momentum  thickness. 
The  agreement  at  the  first  measuring  station  has  been  forced  as  previously 
mentioned.  The  agreement  at  the  downstream  measuring  station  is  not  very 
good.  The  disagreement  between  experiment  and  theory  shown  for  this  case 
may  be  the  result of inaccurate  initial  conditions  and  nonisentropic  edge 
effects.  The  importance of the  nonisentropic  edge  conditions  can  be 
assessed  by  including  them  as  future  option  in  the  computer  program. 
In  figure  21  a  comparison  between  the  predicted  and  measured  velocity 
profile  at  the  first  data-taking  station  is  made.  The  good  agreement  of 
the  experimental  and  predicted  velocity  profiles  is  helped  by  the  enforced 
agreement  of  the  values of 6* and 8 at  this  station. 
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Compression  Surface  Tested a t  M, = 10.4 
The c o n f i g u r a t i o n  f o r  t h i s  c a s e  i s  t h e  same a s  f o r  t h e  p r e v i o u s  c a s e  
and i s  shown i n  f i g u r e  18. A s  w i t h  t h e  p r e v i o u s  c a s e  a l l  d a t a  u s e d  h e r e -  
i n  a r e  t o  be found i n  r e fe rence  26 e x c e p t  f o r  t h e  v e l o c i t y  p r o f i l e  d a t a .  
The expe r imen ta l   p re s su re   d i s t r ibu t ion   fo r  M, of  10.4 i s  shown i n  
f i g u r e  22 ( a )  t o g e t h e r  w i t h  t h e  a n a l y t i c a l l y  f i t t e d  c u r v e s .  While t h e  com- 
p res s ion  i s  no t  s eve re ,  t he  p re s su re  rise occurs  over  approximately 150 
boundary-layer   thicknesses .  The boundary- layer   edge   condi t ions   for   th i s  
case   a re   nonisent ropic   because   o f  bow-shock curva ture .  The non i sen t rop ic  
edge  e f f ec t  i s  i l l u s t r a t e d  by f igure 22(b)  , which shows edge Mach number, 
and f i g u r e  22 (c )  , which  shows  edge  Reynolds number p e r  f o o t .  I n  t h e s e  
f i g u r e s  t h e  l i n e s  r e p r e s e n t i n g  i s e n t r o p i c  c o n d i t i o n s  a c c o r d i n g  t o  t h e  
expe r imen ta l  p re s su re  d i s t r ibu t ion  were  made t o  match t h e  d a t a  a t  t h e  
f i r s t  measur ing  s ta t ion .  The d e v i a t i o n  o f  t h e  l i n e s  from t h e  d a t a  a t  t h e  
second  measu r ing  s t a t ion  i l l u s t r a t e s  t he  ex ten t  of the  nonisent ropic  edge  
condi t ion .  The e d g e   c o n d i t i o n s   f o r   t h i s   c a s e   w i t h  M, = 10.4  appear more 
c l o s e l y  i s e n t r o p i c  t h a n  a t  M, = 7.4. 
Figure 23 shows the  compar ison  of  the  pred ic ted  va lues  and t h e  ex- 
per imenta l   va lues   o f  6* and 8 a t   t h e  two measur ing   s ta t ions .  The 
enforced f i t  a t  t h e  f i r s t  s t a t i o n  i s  seen. The agreement a t  t h e  second 
s t a t i o n  i s  f a i r .  
Figure 24 shows the comparison of  the calculated and measured veloci ty  
p r o f i l e s  a t  x = 2 . 1 7  f e e t .  A s  w i th   t he   p rev ious   ca se  good agreement a t  
the  ups t ream measur ing  s ta t ion  was obta ined .  
One poin t   o f   d i f fe rence   be tween  the  Mm = 10.4  data  and  the 
M, = 7 . 4  d a t a  f o r  t h i s  c o n f i g u r a t i o n  e x i s t s .  A t  t he   h ighe r  Mach number 
the boundary layer  was t r ipped  near  the  lead ing  edge  whi le  a t  the  lower  
Mach number n a t u r a l  t r a n s i t i o n  o c c u r r e d .  
Boundary-Layer, Shock-Wave I n t e r a c t i o n  Data 
of Pinckney 
Pinckney  in  re ference  27 presents  data  for  boundary-layer ,  shock-  
wave i n t e r a c t i o n  on a f l a t  p l a t e  w i t h  a sharp  leading  edge  and with an 
inc ident  ob l ique  shock .  The se t  o f  da ta  used  for  compar ison  purposes  i s  
represented  by t h e  r u n s  of r e fe rence  27 numbered 46, 48, and 50. A 2- 
foo t - long  f l a t  p l a t e  l i e s  ahead  o f  t he  in s t rumen ta t ion  a rea .  The i n i t i a l  
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edge Mach number  was 1.97 and t h e  i n i t i a l  Reynolds number p e r  f o o t  w a s  
8 . 4 8 ~ 1 0 ~ .  
The expe r imen ta l  p re s su re  d i s t r ibu t ion  fo r  t h e  p r e s e n t  c a s e  i s  shown 
i n  f i g u r e  25 toge ther  wi th  the  edge  f low condi t ions .  The p r e s s u r e  d i s t r i -  
bu t ion  was f i t  w i t h  5 segmented polynomials as shown i n  f i g u r e  2 5 ( a )  f o r  
use  in  the  boundary-layer  program. With t h i s  f i t t e d  p r e s s u r e  d i s t r i b u t i o n ,  
t h e  r e s u l t i n g  e d g e  Mach numbers and Reynolds number p e r  u n i t  l eng th  com- 
p u t e d  u s i n g  i s e n t r o p i c  f l o w  r e l a t i o n s  a r e  s e e n  t o  b e  i n  very good agree- 
ment  w i th  the  expe r imen ta l  va lues  a t  t he  th ree  measu r ing  s t a t ions .  
I n i t i a l  c o n d i t i o n s  f o r  t h i s  case were obtained from a locked- in  f l a t -  
p l a t e   so lu t ion   s t a r t ed   w i th   va lues   ob ta ined  from t a b l e  I I ( b ) .  The 
momentum- and displacement- thickness  comparisons are  shown i n  f i g u r e  26. 
A s c a t t e r  band has  been est imated for  the data  i n  f i g u r e  26 a s  i n d i c a t e d  
on each   po in t .  I t  i s  seen  tha t  t he  expe r imen ta l  and  theo re t i ca l  va lues  
of  momentum t h i c k n e s s  a r e  i n  good agreement. The agreement   for   displace-  
ment thickness,  however,  i s  n o t  n e a r l y  so good a s  f o r  momentum th i ckness .  
Wi th in  the  in t e rac t ion  zone  the  d i f f e rence  i s  about 20  pe rcen t  o f  t he  d i s -  
placement  thickness  and af ter  the shock impingement  the difference i s  
about 1 5  pe rcen t .  The ag reemen t  wi th in  the  in t e rac t ion  zone i s  no t  ex- 
pected to be good, but downstream the effect  of shocks i n  t h e  boundary 
layer  should  damp o u t ,  and the  agreement  should  improve. 
Figure 27 p r e s e n t s  t h e  p r e d i c t e d  s k i n - f r i c t i o n  v a r i a t i o n  f o r  t h i s  
ca se .  However, r e f e r e n c e  2 7  p resented  no s k i n - f r i c t i o n   d a t a .  
I n  f i g u r e  28 t h e  p r e d i c t e d  v e l o c i t y  p r o f i l e s  a r e  compared wi th  the  
e x p e r i m e n t a l  p r o f i l e s .  Ahead o f  t he  shock  the  theo re t i ca l  ve loc i ty  p ro -  
f i l e  a g r e e s  w e l l  w i t h  t h e  d a t a  a s  shown i n  f i g u r e  28 ( a )  . The s c a t t e r  o f  
the   da ta   occur red   wi th   one   run .   For   the   next   measur ing   s ta t ion ,   f ig -  
u r e  2 8 ( b ) ,  t h e  p r o f i l e  i s  i n  t h e  i n t e r a c t i o n  zone  and  the  agreement i s  
n o t  good. The expe r imen ta l  p ro f i l e  has  t aken  on the  appearance  of a pro- 
f i l e  n e a r  s e p a r a t i o n  b u t  t h e  p r e d i c t e d  p r o f i l e  h a s  n o t .  A t  t h e  l a s t  
measuring s t a t i o n ,  f i g u r e  2 8 ( c ) ,  t h e  agreement  has  improved  over t h e  pre-  
vious measuring s ta t ion.  
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COMPARISON BETWEEN EXPERIMENT AND THEORY FOR 
AN AXISYMMETRIC  ONFIGURATION 
Comparison has  been made be tween predic t ions  of  the  present  theory  
and a s e t  of d a t a  ( r e f .  28) f o r  a turbulent  boundary layer  on a axisym- 
me t r i c  conf igu ra t ion  cons i s t ing  o f  a ho l low,  c l r cu la r  cy l inde r  cu lmina t ing  
i n  a compression  f lare .  The f l a r e  i s  of   such  shape  that   large  pressure 
g rad ien t s  a r e  gene ra t ed  no rma l  to  the  compress ion  su r face  a t  t he  tes t  Mach 
number of 5.75. Boundary - l aye r  p ro f i l e s  o f  t o t a l  pressure and s t a t i c  p r e s -  
s u r e  a t  a series of  s ta t ions  were  measured  as  wel l  as  sur face  hea t - t ransfer  
r a t e s .  
I n  the following sections,  several  methods of comparison between 
theory  and experiment w i l l  be  used.  In  reference 2 8 ,  data  have  been  cor- 
r e c t e d  f o r  p r e s s u r e  g r a d i e n t s  n o r m a l  t o  t h e  f l a r e  s u r f a c e  by t h e  method 
of r e fe rence  29 ,  and t h e  c o r r e c t e d  d a t a  w i l l  be compared with the predic- 
t i o n s  of p re sen t  t heo ry .  I n  the  second  case,   the   present   boundary-layer  
theory  w i l l  be ad jus t ed  fo r  no rma l  p re s su re  g rad ien t s ,  and t h e  a d j u s t e d  
theory  w i l l  be compared with the uncorrected data.  
Descr ip t ion  of  Model and Data 
A tabulat ion of  the compression surface dimensions i s  given i n  
Appendix B o f  r e fe rence  30. The inc l ina t ion   of   the   compress ion   sur face  
reaches an angle of 42O a t  i t s  downstream end. 
The p r e s s u r e s  a t  t h e  w a l l  and the edge of  the boundary layer  a s  a 
f r a c t i o n  of the  f ree-s t ream total  pressure have been read from f i g u r e s  23 
t o  34 of   re fe rence  28,  and t h e s e  d a t a  a r e  l i s t e d  i n  t a b l e  111. Since   the  
da t a   a r e   fo r   even   va lues   o f  6 ,  t h e  x coord ina te s  a r e  not  evenly  spaced. 
There i s  no pressure drop across  the boundary layer  a t  the  beginning of  
t h e  f l a r e ,  b u t  t h e  e d g e  p r e s s u r e  i s  only about 50 pe rcen t  o f  t he  wa l l  
p r e s s u r e   f o r   v a l u e s   o f  @I between 7 . 5 O  and 3 5 O .  
It  i s  p o s s i b l e  from the  da t a  o f  r e fe rence  28 t o  e v a l u a t e  t h e  s t a g n a -  
t i o n  p r e s s u r e  d i s t r i b u t i o n  a t  t h e  edge of the boundary layer and thereby 
t o  a s s e s s  t h e  d e g r e e  t o  which the  f low outs ide  the  boundary  layer  i s  i sen-  
t r o p i c .  Both t h e  edge s t a t i c   p r e s s u r e ,   p e ,  and p i t o t   p r e s s u r e  pt-, a r e  
g i v e n  a s  f r a c t i o n s  of t he   f r ee - s t r eam  s t agna t ion   p re s su re ,  pt,. Even 
though  the   edge   s tagnat ion   pressure   p t ,  i s  d i f f e r e n t  from  pt,, t h e  
r a t i o  of pe/pt- s h o u l d  y i e l d  t h e  l o c a l  Mach number a n d  t h e  r a t i o  
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pt,/pt,. The l o c a l  s t a g n a t i o n  p r e s s u r e  a s  a f r ac t ion   o f   f r ee - s t r eam 
total p r e s s u r e  i s  then  
I n  t a b l e  I V  the edge Mach number  and t o t a l  p r e s s u r e  r a t i o  o b t a i n e d  by t h e  
foregoing method are  shown. I t  i s  n o t e d  t h a t  t h e  e d g e  t o t a l  p r e s s u r e  i n -  
c r e a s e s  a b o v e  t h e  v a l u e  o f  p t ,  a t  f i r s t  and f a l l s  b e n e a t h  t h i s  v a l u e  a t  
a va lue   o f  @ between 25O and 30°. Since i n  p r i n c i p l e   t h e   e d g e   t o t a l  
pressure  cannot   exceed pt,, some  unknown inaccuracy  appea r s  t o  be  pres- 
e n t  i n  t h e  d a t a .  The theo ry  p resen ted  he re in  does  no t  accoun t  fo r  t o t a l  
p r e s s u r e  v a r i a t i o n s  a t  t h e  e d g e  o f  t h e  boundary layer.  
I n p u t  Q u a n t i t i e s  f o r  Computer  Program 
The s lope of  the compression surface has  been f i t ted with segmented 
polynomia ls   in  x to   p rovide   an   input   o   the   computer   p rogram.  The 
p r e s s u r e  d i s t r i b u t i o n  h a s  a l s o  b e e n  f i t t e d  w i t h  segmented polynomials. 
The d e t a i l s  a r e  i n c l u d e d  i n  Appendix B. I n  f i g u r e  29 t h e  t a b u l a t e d  s l o p e s  
from re fe rence  30 a r e  compared with those given by t h e  polynomial f i t s .  
The second  der ivat ive  d2r/dxa2 i s  a l s o  shown as   determined from t h e  
polynomials.  A compar i son  o f  t he  p re s su re  d i s t r ibu t ions  g iven  by t h e  
polynomials w i t h  t h e  e x p e r i m e n t a l  d i s t r i b u t i o n  i s  shown i n  f i g u r e  30. 
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I n  a d d i t i o n  t o  t h e  f o r e g o i n g  i n p u t  q u a n t i t i e s ,  t h e  f o l l o w i n g  quan- 
t i t i e s  were  used a s  i n i t i a l  c o n d i t i o n s  
T/Tt = 0.634 
e 
R / a  = 3 . 6 ~ 1 0 ~  
l 0  J 
The i n i t i a l  v a l u e s  o f  t h e  c i ' s  were  obtained  using  the  gross   pro-  
p e r t i e s  method. The exper imenta l   va lues   o f   the   p roper t ies  w e r e  
6: = 0.01333 f t  
Qa = 0.001066 f t  7 
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The v a l u e  o f  s k i n  f r i c t i o n  was obtained through Reynolds analogy using the 
expe r imen ta l  va lue  o f  t he  hea t - t r ans fe r  r a t e  a t  t he  junc tu re  be tween  the  
c y l i n d e r  and t h e  f l a r e .  The quoted  value from f i g u r e  103 o f  r e fe rence  2 8  
i s  
9, = 2.6 Btu/ft2-sec (119) 
a 
In  th i s  ca se  the  expe r imen ta l  va lues  fo r  d i sp l acemen t  th i ckness ,  
momentum th i ckness ,  and  sk in  f r i c t ion  gave  roo t s  o f  t he  ve loc i ty  g rad ien t  
polynomial i n  the   range  0 1.0. I n   o r d e r   t o  c u r e   t h e   p r o b l e m   t h e  
momentum th i ckness  w a s  a d j u s t e d  t o  f o r c e  t h e  r o o t s  t o  b e  complex. The 
adjustment  required was w e l l  wi th in  the  exper imenta l  e r ror ,  and  the  new 
va lue  of  momentum th i ckness  was 1.030~10-~ f t .  
Comparison Between P red ic t ion  and Data 
of  Hoydysh and  Zakkay 
Comparisons are made be tween the  pred ic t ions  of  the  present  method 
and the displacement  thickness  and momentum thickness measurements of ref-  
e rence  2 8 ,  a s   co r rec t ed   t he re in   fo r   no rma l   p re s su re   g rad ien t s .  Also, com- 
pa r i son  w i l l  be made between predicted and measured Mach number p r o f i l e s  
r a t h e r  t h a n  v e l o c i t y  p r o f i l e s  s i n c e  t h e  C r o c c o  r e l a t i o n s h i p  was  assumed i n  
ob ta in ing   expe r imen ta l   ve loc i ty   p ro f i l e s .   Hea t - t r ans fe r   r a t e s   measu red  
on the compression surface w i l l  be compared with those obtained from the 
computer program. 
P r e s s u r e  d i s t r i b u t i o n "  I t  i s  o f  i n t e r e s t  t o  know how t h e  p r e s s u r e  
d i s t r i b u t i o n  a c t i n g  on the compression surface compares with that pre- 
d i c t e d  from  shock-expansion  theory. The shock-expansion s t a t i c   p r e s s u r e ,  
PS, , d i v i d e d   b y   t h a t   f o r  @ = 0 i s  shown i n   t a b l e  111. I t  i s  s e e n   t h a t  
t h e  s u r f a c e  p r e s s u r e  l i e s  s l i g h t l y  below the shock-expansion theory for 
a l l  v a l u e s  o f  @. Precise  agreement would not  be  expected  because  of  nor- 
mal p re s su re  g rad ien t s ,  non i sen t rop ic  f low a t  t he  edge  of the boundary 
l a y e r ,  and boundary-layer  displacement  effects .  
Re fe rence  quan t i t i e s  and co r rec t ions  to  da t a . -  Cor rec t ions ,  wh ich  a re  
not always small compared to  the  uncorrec ted  va lues ,  have  been  appl ied  i n  
r e fe rence  28 t o  bo th  d i sp lacemen t  th i ckness  and momentum t h i c k n e s s  t o  
account  for  normal  pressure  grad ien ts .  The de termina t ion  of  these  cor rec-  
t i o n s  and the  choice  of  re ference  condi t ions  needs  d iscuss ion .  The d e f i n i -  
t i o n s   o f  6" and 0 con ta in  a r e f e r e n c e   v e l o c i t y  and d e n s i t y ,  ur and pry 
a s   fo l lows  : 
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I 
6* = /(1"& 
0 ) dy 
6 
pu 
0 
The va lues   o f  p and u a t   t he   ou te r   edge   o f   t he   boundary   l aye r   w i th   t he  
no rma l  p re s su re  g rad ien t s  p re sen t  a r e  no t  appropr i a t e  r e fe rence  quan t i t i e s  
i n  t h i s  i n s t a n c e  b e c a u s e  we  a r e  " c o r r e c t i n g "  t h e  d a t a  t o  t h e  c a s e  o f  no 
normal  pressure gradient .  Consider  a p u r e l y  i n v i s c i d  f l o w  i n  which t h e  
p r e s s u r e  d i s t r i b u t i o n  i s  i d e n t i c a l  t o  t h a t  f o r  t h e  r e a l  f l o w  b u t  t h r o u g h -  
out   which  the  entropy is uniform. This " re fe rence"  f low i s  t h e  b a s i s  f o r  
both t h e  r e f e r e n c e  c o n d i t i o n s  and t h e  c o r r e c t i o n s .  L e t  the  primed  symbols 
r e f e r   t o   q u a n t i t i e s   i n   t h e   r e f e r e n c e   f l o w .  Then p k  and u k  a re   t aken  
t o  be  the  r e fe rence  dens i ty  and v e l o c i t y  f o r  t h e  p r e s e n t  p u r p o s e s  i n  
accordance  with  the work o f   r e f e rences  28 and  29. The q u a n t i t i e s  ~4 
and u; a r e   a l s o   t h e   v a l u e s   o f  p and u a t   he   dge   o f   t he   boundary  
l a y e r  i f  t h e  s t a t i c  p r e s s u r e  t h e r e  were brought up t o  w a l l  p r e s s u r e  a t  
cons tan t   f ree-s t ream  en t ropy .  A s  such  they  represent   edge  condi t ions  for  
no normal   pressure  gradients .   Accordingly,  we have 
6 
6* m = 1 (1 - $7) dY 
0 
6 
Om = p lu l  w w  (1 - % ) d y  
0 
uW 
The co r rec t ion  p rocedure  i s  a gross one based on the  assumpt ion  tha t  
t he   va lues   o f  6* and 8 fo r   t he   r e f e rence   f l ow  can  be sub t r ac t ed  from 
the  va lues  fo r  t he  r ea l  f l ow to  accoun t  fo r  no rma l  p re s su re  g rad ien t s .  The 
t h e o r e t i c a l  b a s i s  f o r  s u c h  a procedure does not  seem t o  be given i n  r e f e r -  
ences  28 o r  29 .  However,  on the  basis  of  such  an  assumption, w e  can   wr i te  
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The i n v i s c i d   v a l u e s  of  8 and 6*, which   represent   the  effect  of normal 
p r e s s u r e  g r a d i e n t s ,  a r e  t h u s  w r i t t e n  
6 
6 
I n   t h e   r e f e r e n c e   f l o w   t h e   v e l o c i t y  u '  i n c r e a s e s   a s   d i s t a n c e  from t h e  
w a l l  i n c r e a s e s  s i n c e  t h e  s t a t i c  p r e s s u r e  i s  f a l l i n g  and the complete flow 
i s  isentropic .   Accordingly,   the  r a t i o  u ' /u& i s  g r e a t e r   t h a n   u n i t y   a n d  
'in 
move  away from t h e   w a l l ,   t h e   r a t i o  p 'u ' / p&u& decreases  below  unity,   and 
6 Tn 
i s  nega t ive .  S ince  the  Mach number i n c r e a s e s  s u p e r s o n i c a l l y  a s  we 
i s  p o s i t i v e .  
Displacement  and momentum thicknesses"  The 6" comparisons  are 
shown i n  f i g u r e  3 1  ( a ) ,  and t h e  8 comparisons  are shown i n  f i g u r e  3 1  (b) . 
I n   f i g u r e   3 1 ( a )   t h e   c i r c l e s   r e p r e s e n t  h m ,  and the   squa res   r ep resen t  b* v i s  
a s   o b t a i n e d  from equation  (125).  Comparison of &cis w i t h   t h e   p r e d i c t i o n  
of  the present  computer  program shows good agreement even a t  l a r g e  v a l u e s  
of  6. The c o r r e c t i o n s  t o  t h e  d a t a  a r e  g e n e r a l l y  a l a rge   pe rcen tage   o f  
the  uncorrected  values .  A t  l a rge   va lues   o f  @ t he   t heo ry  i s  i n v a l i d .  
* 
I n  f igure  31(b)  the  comparison  between  experiment  and  theory  for 8 
shows  good agreement. The d a t a  i n  t h i s  f i g u r e  r e p r e s e n t  r e v i s i o n s  to t h e  
cor responding  da ta  of  re ference  2 8  in  accordance with a p r i v a t e  communica- 
t i o n  r e c e i v e d  f rom an  au thor  of  tha t  repor t .  
H e a t - t r a n s f e r  r a t e . -  H e a t - t r a n s f e r  r a t e s  were measured a t  a number 
o f  p o i n t s  on the  compression  surface.  The r a t i o  o f  t h e  l o c a l  h e a t - t r a n s f e r  
r a t e  t o  tha t  a t  t he  beg inn ing  o f  t he  compress ion  su r face  has  been  de te r -  
mined from the present computer program for comparison with these data.  
The r a t io  has  been  ob ta ined  from t h e  Reynolds analogy. 
%? C st = - f c p ' u '  "p w w(Tte - 'w) 2 
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The  ratio of heat-transfer  rates  is  then 
The  calculated  and  experimental  values of these  ratios  are  shown i  fig- 
ure  32.  The  general  agreement  between  theory  and  experiment  is  good. 
Mach  number  profiles.- A comparison  between  the  prediction  and  experi- 
mental  Mach  number  profiles  is  shown  in  figure  33  for  various  values of 6 .  
At  the  beginning of the  flare, @ = 0, the  profiles  are  in  fair  agreement. 
The  Mach  numbers  at  the  edge of the  layer  are  identical  since  no  normal 
pressure  gradients  are  present. As @ increases  the  experimental  Mach 
number  at  the  edge of the  boundary  layer  becomes  greater  than  the  predicted 
Mach  number  because  the  edge  pressure  is  less  than  wall  pressure.  For 
@ = 5 an  adjustment has been  made  to  the  theoretical  Mach  number  pro- 
file  to  account  for  normal  pressure  gradients.  It has been  assumed  that 
at  any  point  in  the  boundary  layer  the  static  pressure  drops  isentropically 
from  the  wall  value  to  the  local  measured  value.  Accordingly,  the  local 
Mach  number  increases.  There  is  little  change  in  profile  in  the  inner 
layer, and the  profiles  come  into  good  agreement  in  the  outer  part  of  the 
layer.  At  large  values of 6 ,  the  boundary-layer  thickness  is  underesti- 
mated. 
0 
Adjustment  of  Boundary-Layer  Calculation  for 
Normal  Pressure  Gradient 
The  method of correcting  boundary-layer  data  for  normal  pressure  gra- 
dients as  done  in  references 2 8  and  29 makes  use of experimental  values 
of the  boundary-layer  thickness  and  the  static  and  total  pressure  profiles. 
The  corrected  data  are  then  compared  with  boundary-layer  theory.  It  is 
of interest  to  reverse  the  above  process  and  predict  the  experimental 
boundary-layer  characteristics  by  adjusting  boundary-layer  theory  for  nor- 
mal  pressure  gradients.  Since  the  experimental  values of the  boundary- 
layer  thickness  and  the  pressure  profiles  are  not  available  for  this  pur- 
pose, some  additional  assumptions  are  required  to  carry  out  the  adjustment. 
An  approximate  method  for  adjusting  boundary-layer  theory  for  normal 
pressure  gradients was formulated  on  relatively  simple  grounds.  The 
method  furnishes  first  approximations  to  the  magnitude  of  the  corrections 
5 0  
t o  b* and 8 due t o  normal   p ressure   g rad ien ts  and i n d i c a t e s  how impor- 
t a n t  no rma l  p re s su re -g rad ien t  e f f ec t s  a r e  on boundary-layer  quant i t ies  i n  
any p a r t i c u l a r   c a s e .  
Normal p re s su re  g rad ien t s . -  One o f  t h e  f i r s t  p r o b l e m s  i s  t o  e s t i m a t e  
the  magni tude  of  the  normal  pressure  grad ien ts .  An est imate  can be 
obtained from a method o f  c h a r a c t e r i s t i c s  s o l u t i o n  f o r  i s e n t r o p i c  f l o w  
over   the   compress ion   sur face .   I f   such  a s o l u t i o n  i s  unavai lab le ,  a simple 
method  based on shock-expansion theory can be used. According to refer- 
ence 31, t h e  e q u a t i o n  f o r  t n e  p re s su re  g rad ien t  no rma l  to  the  s t r eaml ines  
o f  a compressible 
where  vt i s  the  
o f  t he  s t r eaml ine  
i s en t rop ic  f low i s  
2 = -pvt2ks 
ve loc i ty   a long   t he   s t r eaml ine  and  ks i s  t h e   c u r v a t u r e  
given by 
d2r/dx- 
a 
1 + (dr/dxa) 
I f  Mw i s  t h e  Mach number a t  t h e  w a l l  o b t a i n e d  from shock-expansion 
theory,   equat ion (130) becomes 
& = -YMw2ks 
P 
Equation ( 1 3 2 )  y i e l d s  a s imple  f i r s t  approximat ion  to  the  magni tude  of 
the normal  gradients .  
ETuation ( 1 3 2 )  h a s   b e e n   a p p l i e d   t o   t h e   f l a r e   o f   r e f e r e n c e  2 8 .  The 
values  of  dra/ds  given  in  Appendix B of   re fe rence  30 were  used in   eva lu-  
a t i n g   k s   i n   e q u a t i o n  (131), and t h e   f i r s t   d i f f e r e n c e s   o f   d r a / d s   w e r e  
used t o   e v a l u a t e  a2ra/as2. The Mach number Mw based on shock-expansion 
t h e o r y  a p p l i e d  t o  t h e  f l a r e  s l o p e  w e r e  a l so  used .  The ca l cu la t ed  cu rve  
of   ( l /p )  cap/&) i s  shown i n  f i g u r e  34. Also shown i n   t h i s   f i g u r e   a r e  
the   exper imenta l   va lues   o f   ( l /pw)(pw - pe)/S.   This   parameter   represents  
the average value of  the normal  pressure gradient  across  the boundary 
layer .   For   values   of  @ below l o o ,  t he   p red ic t ed   r e su l t s   exceed   t he  
exper imenta l   resu l t s .  It  i s  n o t e d  t h a t  a t  t h e  f l a r e - c y l i n d e r  j u n c t u r e  
t h e  c u r v a t u r e  jumps almost discontinuously from 0 t o  a f i n i t e  v a l u e  
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( f i g .  2 9 ) .  The flow a t  t h e  w a l l  may respond  immediately t o  t h i s  d i s c o n -  
t i n u o u s  c h a n g e ,  b u t  t h e  e n t i r e  b o u n d a r y  l a y e r  c a n n o t .  I n  f a c t  i n  t h i s  
ca se  it t akes  abou t  8 boundary- layer  th icknesses  for  the  en t i re  boundary 
l a y e r  t o  a c h i e v e  t h e  p r e d i c t e d  n o r m a l  p r e s s u r e  g r a d i e n t .  A t  angles  much 
above 25O t he  no rma l  p re s su re  g rad ien t s  a r e  unde rp red ic t ed .  
Adjustments t o  6* and 8.- The adjustment   of   the  Mach number pro- 
f i l e  f o r  normal  pressure  grad ien ts  d i scussed  in  connec t ion  wi th  f igure  33(b)  
sugges ts   an   approach   for   es t imat ing   incrementa l   va lues   o f  6* and 8 due 
t o  t h e  g r a d i e n t s .  The a d j u s t e d  Mach number p r o f i l e  i s  obtained by permit-  
t i n g  t h e  p r e s s u r e  a t  a l l  p o i n t s  i n  t h e  b o u n d a r y  l a y e r  t o  f a l l  from wa l l  
p r e s s u r e  t o  l o c a l  s t a t i c  p r e s s u r e  a t  c o n s t a n t  l o c a l  e n t r o p y .  A s  shown i n  
f i g u r e  3 3 ( b ) ,  t h e  e f f e c t  n e a r  t h e  w a l l  i s  n e g l i g i b l e  so t h a t  no  change i n  
s k i n - f r i c t i o n   c o e f f i c i e n t  i s  involved.  However, t h e  v e l o c i t y  p r o f i l e s  
a r e  c h a n g e d  s i g n i f i c a n t l y  i n  t h e  o u t e r  p a r t  o f  t h e  l a y e r ,  and i n  p a r t i c u -  
l a r  t h e  edge   condi t ions   a re   b rought   in to   agreement .  The incremental   values  
of  6* and 0 ,  namely AS* and A @ ,  a re   t hen   s imply   t he   d i f f e rences  i n  
6” and 8 be tween   t he   ad jus t ed   p ro f i l e   and   t he   unad jus t ed   p ro f i l e .  I n  
t h i s  scheme the  inc remen t s  a re  ca l cu la t ed  fo r  a sma l l  pe r tu rba t ion  of t h e  
boundary- layer  prof i le .  
Le t   va lues   o f  u, p, 6*, and 8 predicted  by  boundary-layer   theory 
be  indicated  by ubY pb, 6;*;, and QbY respec t ive ly .   Le t   he   symbols   wi th  
a s u b s c r i p t  “ c ”  c o r r e s p o n d  t o  t h e  “ a d j u s t e d “  Mach number p r o f i l e .  
u s ing   t he   fo rmer   e f e rence   cond i t ions ,  p& and u&, we’have 
Note t h a t  a t  t h e  e d g e  o f  t h e  b o u n d a r y  l a y e r  
u = u ‘  b W 
P b  - pw 
- 1  
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From equations  (120)  and ( 1 2 1 ) ,  t he   va lues   o f  6f  and 8, f o r   t h e  
a d j u s t e d  p r o f i l e  w i t h  t h e  same r e f e r e n c e  c o n d i t i o n s  a r e  
6 
6: = /  (l ")dY pcuc w w
0 
The incremental   values  A6* and A 8  due t o  normal   pressure  gradients  
a r e  t h e n  
The value  of  6 used i n  these   formulas   cor responds   to  y f o r  U = 0.999. 
No adjustments were made fo r  t he  expans ion  o f  t he  loca l  s t r eam tubes  du r -  
ing  the  expans ion  f rom the  condi t ions  denoted  by "b"  to  those  denoted  by  
' I C " .  Such a d j u s t m e n t s ,   i f  made,  would in t roduce  a s t r e t c h i n g   o f   t h e  y 
s c a l e .  
- 
I n  o r d e r  t o  t e s t  t h e s e  p r e d i c t i o n  t e c h n i q u e s  t h e  v a l u e s  of 6; and 
Bc wi th  normal  pressure gradients  have been predicted for  the compression 
f l a r e  c a s e  o f  r e f e r e n c e  28. The p r e d i c t e d  Mach number p r o f i l e s  i n  f i g -  
u r e  33 w e r e  a d j u s t e d  u s i n g  t h e  e x p e r i m e n t a l  s t a t i c - p r e s s u r e  d i s t r i b u t i o n s .  
The expe r imen ta l  s t a t i c -p res su re  d i s t r ibu t ions  were  used  so t h a t  any 
e r r o r s  i n  s t a t i c - p r e s s u r e  p r e d i c t i o n  would n o t  mask the  accuracy  of  the  
boundary-layer   adjustment   calculat ion.  The ad jus t ed   va lues   o f  6: and 
Bc a r e  compared with the data  of  reference 28 i n  f i g u r e s  35 (a) and 35 (b) , 
r e s p e c t i v e l y .  The p r e d i c t i o n s   o f  6* and 8 a r e   c o n s i d e r e d   f a i r .  The 
d a t a  o f  f i g u r e  3 5 ( b ) ,  l i k e  t h o s e  o f  f i g u r e  3 1 ( b )  , r ep resen ted  r ev i s ions  
o f  t he  co r re spond ing  da ta  in  r e fe rence  28. 
TURBULENT BOUNDARY-LAYER, SHOCK-WAVE 
INTERACTION MODEL 
The present  computer  program has been used to  make d e t a i l e d  s t u d i e s  
of t h e  i n t e r a c t i o n  between turbulent boundary layers and oblique shock 
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waves with a view t o  d e v e l o p i n g  a boundary-layer model for studying such 
i n t e r a c t i o n s .  On t h e  b a s i s  o f  t h e  s t u d i e s  a promising model i s  proposed. 
In  turbulen t  boundary- layer ,  shock-wave i n t e r a c t i o n ,  t h e  s h o c k  wave 
penetrates  deeply into the boundary layer ,  and the usual  boundary-layer  
assumption of  constant  pressure across  the boundary layer  i s  no t  m e t  
( r e f .  3 2 ) .  This   fac t   requi res   the   concept   o f   an   idea l   boundary- layer  
model f o r  s u c h  i n t e r a c t i o n s .  The ideal   boundary-layer  model r e s u l t s  from 
the  so lu t ion  of  the  turbulen t  boundary- layer  equat ions  for  the  g iven  
e x p e r i m e n t a l  p r e s s u r e  d i s t r i b u t i o n  a s s u m i n g  t h e  s t a t i c  p r e s s u r e  t o  b e  
cons tan t  across  the  boundary  layer .  The par t  o f  the  boundary- layer  f low 
f o r  t h e  i d e a l  model benea th   the  b* l i n e  should   cor respond  c lose ly   to  
t h e   p a r t   o f   t h e   r e a l   f l o w   b e n e a t h   t h e  A *  l i n e .  The outer  boundary-layer 
flow w i l l  no t  be  in  good agreement with the real  f low because of the  pres -  
ence of  shock waves in  the real  f low.  Based o n . t h e  r e s u l t s  o f  Watson, 
Murphy, and  Rose i n  r e f e r e n c e  32 ,  t h e r e  i s  r e a s o n  t o  e x p e c t  t h a t  a r e a l -  
i s t i c  o u t e r  f l o w  s o l u t i o n  w i t h  s h o c k  waves may be obtained by the use of  
a t echn ique  such  a s  the  ro t a t iona l  i nv i sc id  method o f  c h a r a c t e r i s t i c s .  
The technique should be a b l e  t o  h a n d l e  a curved obl ique shock of  var iable  
s t r e n g t h  i n  t he  ou te r  f l ow and a t  t h e  same t ime account  for  i t s  r e f l e c t i o n  
from the boundary a t  which t h e  i n n e r  and ou te r  f l ows  a re  jo ined .  
The a p p l i c a b i l i t y  o f  t h e  f r e e - i n t e r a c t i o n  p r i n c i p l e  t o  t u r b u l e n t  
boundary-layer,   shock-wave  interaction i s  l imited.   Consider   the  upstream 
p r e s s u r e  f i e l d s  i n c l u d i n g  p o s s i b l e  s e p a r a t i o n  p r e s s u r e  f i e l d s  i n d u c e d  by 
va r ious  downstream  means,  such a s  an inc ident  shock  or  a forward-facing 
s t e p .  I f  f o r   g i v e n   i n i t i a l   c o n d i t i o n s  (Mach number,  Reynolds number, and 
t empera tu re  r a t io )  a t  t he  beg inn ing  o f  i n t e rac t ion ,  t he  induced  p res su re  
d i s t r i b u t i o n  i s  independent  of  the means of  inducing it, f r e e  i n t e r a c t i o n  
i s  s a i d  t o  e x i s t .  Chapman, Kuehn, and  Larson,  reference 33, po in t   ou t  
t h a t  f r e e - i n t e r a c t i o n  f o r  t u r b u l e n t  l a y e r s  i s  v a l i d  up t o  s e p a r a t i o n  o r  
s l i g h t l y  downstream i n  c o n t r a s t  t o  l a m i n a r  l a y e r s  f o r  w h i c h  free i n t e r a c -  
t ion appears  val id  wel l  downstream of  separat ion.  Thus,  even though the 
inc ident  shock  causes  separa t ion  of  a tu rbulen t  boundary  layer ,  we might 
expect  a f r e e - i n t e r a c t i o n  p r i n c i p l e  t o  b e  v a l i d  up t o  t h e  s e p a r a t i o n  p o i n t  
b u t  n o t  beyond. The ac tua l  p r inc ip l e  gove rn ing  free i n t e r a c t i o n  f o r  t u r -  
bu len t  boundary  layers  need  not  necessar i ly  be  the  same a s  t h a t  f o r  l a m i n a r  
boundary layers.  
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I n s i g h t  i n t o  t h e  p l a u s i b i l i t y  o f  t h e  i d e a l  b o u n d a r y - l a y e r  model f o r  
turbulent  boundary-layer ,  shock-wave in t e rac t ion  has  been  ob ta ined  by 
applying the present  computer  program to the case of  a shock wave i n c i -  
den t  on a f l a t  p l a t e .  C o n s i d e r  t h e  c a s e  c o v e r e d  b y  f i g u r e s  1 4  t o  1 7  f o r  
which the oblique shock wave i s  generated by a 5O wedge and i s  i n c i d e n t  
on a tu rbu len t  boundary  l aye r  on a f l a t  p l a t e  a t  a n  e d g e  Mach number of 
6.55. The exper imenta l  wal l  p ressure  d is t r ibu t ion  has  been  imposed  on t h e  
boundary  l aye r  a s  i f  t he  p re s su re  w e r e  uniform across  the layer  and the 
d e t a i l e d  f l o w  f i e l d  c a l c u l a t e d .  F i g u r e  36 shows the  shapes  of  an  outer -  
edge  s t reamline  and  of   the 6* l i n e .  The exper imenta l   p ressure  r ise 
b e g i n s   v e r y   s h a r p l y   a t  x = 1.88 f t  a s  shown i n   f i g u r e   1 4 .  
The s lope   o f   t he  6* l i n e  i s  shown i n  f i g u r e  37 a s  a func t ion  of x 
a s   o b t a i n e d  from the  computer  program. The 6* l i ne   changes  i t s  s lope  
from a maximum t o  a minimum in about  one boundary-layer  thickness .  In  
the  ideal   boundary-layer   model ,  we assume tha t  the  change  i n  d6*/dx 
o c c u r s  d i s c o n t i n u o u s l y  j u s t  a s  i n  t h e  model for laminar boundary-layer,  
shock-wave i n t e r a c t i o n  ( r e f .  34) . The d o t t e d  l i n e  i n  t h e  f i g u r e  c o r r e -  
sponds t o  such a d i s c o n t i n u i t y  w i t h  t h e  t o t a l  a r e a  u n d e r  t h e  d6*/dx 
curve  unchanged so t h a t   t h e   f i n a l  6* i s  unchanged. 
A f r ee - in t e rac t ion  p res su re  l aw  i s  now pos tu la ted  based  on the  ca l cu -  
lated  flow  model. A t  the  poin t  of  shock  impingement  the  s ta t ic  pressure  
and Mach number must be continuous a t   t h e  edge of the layer even though 
t h e  6* l i n e  changes  discont inuously i n  s lope.   Let  u s  s t a r t   a t   p o i n t  B, 
f i g u r e  37, w i t h  t h e  same s t a t i c  p r e s s u r e  and Mach number a s  a t  p o i n t  A 
and apply  shock-expans ion  theory  to  ca lcu la te  a p r e s s u r e  d i s t r i b u t i o n  
based on dd*/dx. If t h i s  i s  d o n e ,   t h e   p r e s s u r e   d i s t r i b u t i o n  shown i n  
f i g u r e  38 i s  obtained.  The c a l c u l a t e d  d i s t r i b u t i o n  i s  seen  to  be  i n  f a i r  
agreement  wi th  the  exper imenta l  p ressure  d is t r ibu t ion .  One d i f f e r e n c e  i s  
a p a r a l l e l  s h i f t  n e a r  t h e  b e g i n n i n g  o f  i n t e r a c t i o n  b e c a u s e  no account was 
taken  i n  t h e  f r e e - i n t e r a c t i o n  model of t he  sma l l  ex ten t  of upstream inf lu-  
ence of  the obl ique shock.  Applicat ion of shock-expansion theory to  the 
outer -edge  s t reaml ine  y ie lds  a compress ion  ra t io  of  the  order  of  10  ra ther  
t h a n   4 .   T h i s   r e s u l t   t e n d s   t o   i n d i c a t e   t h a t   t h e  u s e  o f   t h e  6* l i n e  i n  
the  f r ee - in t e rac t ion  p res su re  l aw  i s  t o  b e  p r e f e r r e d  t o  t h e  u s e  o f  a 
s t reaml ine  near  the  edge  of  the  boundary  layer .  
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CONCLUDING REMARKS 
A new technique has been  developed  for  calculating  the  characteris- 
tics of turbulent  boundary  layers  under  the  action of prescribed  pressure 
gradients  on  two-dimensional or axisymmetric  bodies.  The  technique  is  a 
new application of the  method of integral  relations  previously  used  suc- 
cessfully  to  predict  the  characteristics of separated  laminar  boundary 
layers.  An  eddy-viscosity  model  has  been  developed  for  use  in  the  turbu- 
lent  boundary-layer  equations,  and  a  computer  program  has  been  written  to 
solve  the  equatlons  with  prescribed  pressure  gradients  for  flows  from  low 
speeds  to  hypersonic  speeds. 
A number of methods of obtaining  initial  conditions  are  described. 
Difficulty was experienced in obtaining  good  initial  conditions  in  some 
cases, and the  best  means  for  any  particular  case  depends  on  the  initial 
data  available as well  as  the  configuration. 
The  computer  program has been  applied  to a number of two-dimensional 
cases  for  which  data  are  available.  From  comparisons  with  low-speed  data 
it  was  found  that  generally  good  agreement  was  obtained  in  favorable  pres- 
sure  gradients. In unfavorable  pressure  gradients  the  calculated  quan- 
tities  departed  from  the  measured  quantities  ahead of separation. It  is 
known  that  the  analytical  velocity-gradient  representation  used in  the 
program  is  not  valid  at  separation,  but  the  lack of agreement  upstream of 
separation  is  not  necessarily  all  due to this  factor.  For  instance,  the 
validity of the  eddy-viscosity  model  at  separation  has  not  been  proven. 
Also, in at  least  one of the  two  low-speed  cases,  the  two  dimensionality 
of  the  flow  approaching  separation  is  open  to  question. No separated 
layers  were  studied  at  high  speeds. 
A number of comparisons  were  made  for  high-speed  boundary  layers  on 
flat  and  curved  two-dimensional  plates.  For  the  flat  plate  at  hypersonic 
speeds  good  agreement is obtained  between  the  theoretical  and  experimen- 
tal  displacement  thicknesses,  momentum  thicknesses,  and  velocity  profiles. 
For  the  curved  plates,  generally  good  agreement  was  obtained  for  displace- 
ment and  momentum  thickness  at M, = 10.4, but  poor  agreement  was  obtained 
at M, = 7.4. The  results  for  the  curved  plate  are  clouded  by  difficulty 
in  obtaining  accurate  initial  conditions  due  to  the  paucity of nitial 
data  and  by  nonisentropic  flow  at  the  edge of the  boundary  layer.  The 
desirability of including  nonisentropic  edge  effects  in  an  enhanced  com- 
puter  program  is  apparent. 
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I n  t h e  c a s e  of i nc iden t  ob l ique  shocks  in t e rac t ing  wi th  tu rbu len t  
boundary  l aye r s  on  f l a t  p l a t e s ,  t he  p re s su re  g rad ien t s  a r e  ve ry  l a rge  and  
t h e  p r e s s u r e  rise o c c u r s  t y p i c a l l y  i n  10 boundary-layer thicknesses.  A l s o ,  
the shock wave p e n e t r a t e s  so f a r  i n t o  t h e  b o u n d a r y  l a y e r  t h a t  t h e  u s u a l  
assumption of cons tan t  pressure  across  the  boundary  layer  i s  v i o l a t e d .  I n  
the appl icat ion of  the computer  program to hypersonic ,  boundary-layer ,  
shock-wave i n t e r a c t i o n ,  it i s  e x p e c t e d  t h a t  q u a n t i t i e s  s u f f i c i e n t l y  f a r  
downstream  of i n t e r a c t i o n  w i l l  be w e l l  p r ed ic t ed .  However, i n  t h e  i n t e r -  
a c t i o n  r e g i o n  a c c u r a t e  p r e d i c t i o n s  would not be expected. The program 
has  shown good t o  poor resu l t s  i n  p r e d i c t i n g  t h e s e  downstream q u a n t i t i e s  
f o r  t h e  two c a s e s  i n v e s t i g a t e d .  The in t e rp re t a t ion  o f  t he  compar i sons  has  
been clouded by quest ions concerning the accuracy of  the experimental  
r e s u l t s .  More comparisons with data  of known accuracy  are  requi red .  
The computer program has been applied to only one axisymmetric con- 
f i g u r a t i o n  c o n s i s t i n g  o f  a ho l low c i r cu la r  cy l inde r  cu lmina t ing  i n  a com- 
p r e s s i o n  f l a r e .  The compress ion   f l a r e   had   su f f i c i en t ly   l a rge   cu rva tu re  
tha t  s ign i f i can t  p re s su re  d i f f e rences  occur red  be tween  the  wa l l  and t h e  
outer  edge of  the boundary layer .  Applying the computer  program to the 
conf igu ra t ion  y i e lded  good agreement between predicted and measured heat- 
t r a n s f e r  r a t e s  and  d isp lacement  th icknesses  provided  cor rec t ions  were  
a p p l i e d  t o  t h e  d a t a  t o  a c c o u n t  f o r  t h e  n o r m a l  p r e s s u r e  g r a d i e n t s .  F a i r  
agreement was obtained between experimental Mach number p r o f i l e s  and t h e  
p r e d i c t e d  p r o f i l e s  by a d j u s t i n g  t h e  p r e d i c t e d  p r o f i l e s  t o  a c c o u n t  f o r  n o r -  
mal p r e s s u r e  g r a d i e n t s .  The ad jus tmen t  fo r  t he  Mach number p r o f i l e  a l s o  
y ie lds   ad jus tments   for   the   d i sp lacement   and  momentum th i cknesses .  Af t e r  
adjustment  fa i r  agreement  was obtained between experiment and theory for 
displacement thickness and momentum th i ckness .  
A s tudy was made of  an ideal ized boundary-layer  model f o r  shock-wave, 
boundary- layer  in te rac t ion  by  ca lcu la t ing  the  de ta i led  f low f ie ld  of  such  
an interact ion using the computer  program. I t  was found tha t  the  s t ream-  
l ines  undergo  a near ly  d iscont inuous  change  i n  s lope  where  the  pressure  
rises due t o  shock  impingement. I t  was a l s o  found f o r  t h e  one  case 
s tud ied   t ha t   app l i ca t ion   o f   t he   shock-expans ion   t heo ry   t o   t he  6 *  l i n e  
y i e lded  a good p red ic t ion  o f  t he  p re sc r ibed  p res su re  d i s t r ibu t ion ,  whereas  
t h e  same t h e o r y  a p p l i e d  t o  a s t r eaml ine  a t  t he  ou te r  edge  o f  t he  f low d id  
not .   These   f ind ings   sugges t   tha t  a f r e e - i n t e r a c t i o n  model s u c c e s s f u l l y  
used t o  predict  laminar  boundary-layer ,  shock-wave, i n t e r a c t i o n  may be 
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a d a p t e d  t o  t h e  t u r b u l e n t  c a s e  f o r  pressure r a t i o s  up t o  t h o s e  f o r  i n c i p -  
i e n t  s e p a r a t i o n .  The i d e a l i z e d  model w i l l  n o t  p r e d i c t  t h e  s h o c k  s t r u c t u r e  
r e s u l t i n g  from p e n e t r a t i o n  of the  obl ique  shock  in to  the  boundary  layer .  
A computer  program has been wri t ten using an analyt ical  veloci ty-  
grad ien t  representa t ion  which  i s  mathematical ly  capable  of r ep resen t ing  a 
s e p a r a t e d  v e l o c i t y  p r o f i l e .  A run made w i t h  t h i s  p r o g r a m  f o r  a low-speed 
boundary layer  on a f l a t   p l a t e  g a v e  v a l i d  s k i n - f r i c t i o n  r e s u l t s  o u t  t o  a 
Reynolds number of about 10'.  The program i s  much s lower than the main 
program used herein,  but  it r e p r e s e n t s  t h e  f i r s t  s t e p  t o w a r d  a program 
which w i l l  go t o  s e p a r a t i o n .  
Nielsen Engineer ing & Research, Inc.  
Pa lo  Al to ,  Ca l i f .  
July 1968 
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APPENDIX  A 
EDDY-VISCOSITY  MODEL 
The  eddy-viscosity  distribution  for  compressible  nonadiabatic  turbu- 
lent  boundary  layers is basically  an  incompressible  distribution  trans- 
formed  to  the  compressible  plane. In the  following  development  the  incom- 
pressible  model  will  be  derived  first  and  will  then  be  transformed. 
Incompressible  Eddy-Viscosity  Model 
The  incompressible  model  used is well  known. It consists of an 
inner  layer,  where  the  shear  is  assumed  constant,  and an outer  layer 
where  the  eddy  viscosity  is  assumed  constant.  Within  the  inner  layer  the 
eddy-viscosity  parameter @ is  obtained  from  an  assumed  velocity  profile 
with  the  help of the  following  relationship: 
(Tildes  will  be  used  to  indicate  quantities  for a constant  density  turbu- 
lent  boundary layer.)  This  equation  becomes  nondimensional  in  terms  of 
standard  velocity  correlation  coordinates.  Velocity  correlations  are 
usually  made  on  the  basis of the  friction  velocity,  which is defined  as 
and a Reynolds  number g based  on  distance  from  the  wall 
- 
" - P T  g = -  
N 
V 
In the  inner  layer  the  velocity  ratio u/uz is  basically  a  function  only 
of  the  Reynolds  number 0. With  these  standard  definitions  the  equation 
for  the  eddy-viscosity  parameter  can  be  rearranged  as  follows: 
" 
Y 
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With the  assumpt ion  of  cons tan t  wal l  shear  wi th in  the  inner  layer  it 
i s  seen  tha t  on ly  a v e l o c i t y  p r o f i l e  i s  r e q u i r e d  t o  e v a l u a t e  @. For  the 
p re sen t  eddy-v i scos i ty  model a laminar  sublayer  i s  used  toge ther  wi th  a 
law-of-the-wall  region. The law of the  wal l ,  g iven  by  a logarithmic  equa- 
t i o n ,  i s  based on Prandt l ’ s  mix ing  length  theory  and  the  assumpt ion  tha t  
shear  i s  c o n s t a n t  a c r o s s  t h e  l a y e r  a t  t h e  w a l l  v a l u e ,  r e f e r e n c e  35. The 
v e l o c i t y  p r o f i l e  o b t a i n e d  from these assumptions is:  
- 
Laminar sublayer: - 
Law-of-the-wall reqion: 
u 
where 
N N c f  = value of 5 a t  o u t e r  edge  of  laminar  sublayer = 10.6 
A = 2.43 
b = 7 . 5  - cm = value  of  5 a t  o u t e r  edge of i n n e r   l a y e r  u 
The numer ica l   va lues   for  C f ,  A ,  and b a r e   t h o s e  of C lause r ,   r e f -  
erence 1 7 .  Using  equation (A-4) a long   wi th   equat ions  (A-5) and (A-6) 
g ives  the  fo l lowing  equa t ions  fo r  t he  eddy-v i scos i ty  d i s t r ibu t ion  wi th in  
t h e  i n n e r  l a y e r  
N 
B = 1  
fj - T  = -  
A 7 
The d i s t r i b u t i o n  f o r  t h e  i n n e r  l a y e r  i s  shown i n  f i g u r e  1. I t  w i l l  
be  noted  tha t  the  foregoing  equat ions  provide  a d i s t i n c t  d i s c o n t i n u i t y  i n  
t h e   e d d y - v i s c o s i t y   d i s t r i b u t i o n   a t  u/uT o f   10 .6 .   In   o rde r   t o   p reven t  
” 
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this  discontinuity  from  causing  numerical  difficulties  in  the  evaluation 
of the eddy-viscosity  integrals,  the  fairing  between  the  laminar  sublayer 
and the  law-of-the-wall  region,  shown  in  figure 1, was utilized.  This 
fairing was selected  arbitrarily,  and  is  given  by 
- K -7 - s.3 
@ = e  7.95 u/uT 13.95 
" 
" 
where 
= 0.48111 (A-10) 
The  final  distribution  for  the  inner  layer  is  composed  of  three  sec- 
tions; a laminar  sublayer  part, a fairing,  and a law-of-the-wall  part. 
For the  outer  layer  or  wake  region  only  one  section  will  be  required. 
Here  the  eddy  viscosity  for  an  incompressible  constant  density  turbulent 
boundary  layer is a constant  as  postulated  by  Clauser,  reference  17.  The 
expression  used  €or  calculating  the  value of 6 for  the  wake  is 
The  boundary  between  the  inner  and  outer  layers  is  obtained  by  matching 
the  value of B obtained  from  the  inner  layer  to  the  value of 6 given 
by Clauser's relation.  When  the  match  point  falls  on  the  law of the  wall, 
the  relation  for  determining  the  value of u/uT  at  this point  is 
N 
" 
- = 2.43 In (0.32805 EA*)  U  (A-12) " 
U 
T 
Compressible  Eddy-Viscosity  Model; 
Inner  Layer 
The  compressible  eddy-viscosity  model  is  obtained  using  the  Baronti- 
Libby  transformation  for  the  inner  layer  and  using  density  scaling  in  the 
outer  layer.  Baronti  and  Libby  (ref.  14)  used Coles'  transformation 
(ref.  15)  coupled  with Donaldson's  hypothesis (ref.  16) to  collapse  com- 
pressible  velocity  profiles  onto  the  incompressible  law of the  wall.  The 
agreement  between  the  incompressible  law of the  wall  and  compressible 
velocity  profiles  transformed  to  incompressible  profiles  is  good  everywhere 
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except  in  the  wake.  Thls  type of agreement  leads  to  a  compressible,  non- 
adiabatic  eddy-viscosity  model  based  on  two  layers.  The  model  from  the 
wall  out  to  the  wake is a  transformed  incompressible  eddy-viscosity  model. 
In the  wake  region  Clauser's  constant  eddy  viscosity is scaled  €or  local 
density.  The  eddy-viscosity  model  for  the  inner  layer  is  constructed  as 
follows. 
Given  in  the  compressible  plane  the  two  basic  boundary-layer  proper- 
ties,  skin  friction  and  displacement  thickness,  along  with  all  flow  con- 
ditions  at  the  boundary-layer  edge,  it  is  required  to  construct an  eddy- 
viscosity  distribution.  The  first  step  in  determining  the  parameters 
specifying  the  equivalent  incompressible  eddy-viscosity  distribution  is 
to  establish  the  transformations  to  be  employed.  Consider  the  Coles' 
transformation: 
and  a  streamline  stretching  factor a ( x )  , defined  by 
The  stream  functions  are  defined  in  the  usual  way 
pu = pv = a+ -ax 
Under  these  transformations  it  can  be  shown  that  at 
To  establish  the  parameters  for  the  equivalent 
consider  the  wall  shears 
(A-13) 
(A-14) 
(A-15) 
(A-16) 
(A-17) 
corresponding  points 
(A-18) 
incompressible  model , 
(A-19) 
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and form the i r  r a t i o  
(A-20) 
From equat ion  (A-20) we o b t a i n  t h e  f i rs t  bas ic  equat ion  used  in  f ind ing  
the  equ iva len t  i ncompress ib l e  model 
(A-21) 
The s t a r t i n g  p o i n t  f o r  o b t a i n i n g  a second equation i s  Donaldson's 
hypothes is ,  which  s ta tes  tha t  the  Reynolds  number f o r  the  laminar  sublayer  
edge i s  preserved during the  t ransformat ion .  
I-1f 
u 
I-1 
A f t e r  rearrangement and use   o f   the  y t r a n s f o r m a t i o n  t o  o b t a i n  t h e  
s t re tched   coord ina te ,   equa t ion  (A-22) y i e l d s  
(A-22)  
(A-23) 
Using the  Crocco  re la t ionshlp  and  the  cons tancy  of  pressure  across  the  
boundary  layer  y ie lds  t h e  fo l lowing  r e l a t ionsh ip  €o r  dens i ty  
For the   l aminar   sublayer   equa t ions  (A-2) and (A-18) g i v e  
(A-24) 
(A-25) 
In t eg ra t ion  o f  equa t ion  (A-23) w i t h  t h e  h e l p  of equat ions  (A-24) and (A-25) 
y ie lds  the  des i red  second equat ion .  
6 3  
(A-26)  
Since c f  i s  j u s t  a number e q u a l   t o  10.6,  the   parameter  bea/L  and t h e  
i n c o m p r e s s i b l e  s k i n - f r i c t i o n  c o e f f i c i e n t  c a n  b e  o b t a i n e d  from equat ions  
(A-21 and (A-26) b y   i t e r a t i o n .  With these   quan t i t i e s ,   t he   i ncompress ib l e  
eddy-v iscos i ty  B f o r   t h e   i n n e r   l a y e r   a s  a func t ion   of  u/ue can be 
determined from equat ions  (A-7) and (A-8) w i th  the  he lp  of equat ion  ( A - 2 5 ) .  
I t  remains   on ly   to   de te rmine   the   re la t ionship   be tween B and  the 
N 
N 
N 
compressible   eddy-viscosi ty   parameter ,  B .  I n  gene ra l  
(A-27)  
For  the  inner  
va lue  so  t h a t  
zone it i s  assumed t h a t  t h e  s h e a r  i s  c o n s t a n t  a t  t h e  w a l l  
(A-28) 
App ly ing  the  t r ans fo rma t ion  to  th i s  equa t ion  y i e lds  the  des i r ed  r e l a t ion -  
ship  between (3 and B 
- 
(A-29)  
In   accordance  with  the  assumption  of   the  boundary-layer   analysis  pc1 i s  
assumed cons tan t  across  the  boundary  layer  so t h a t  
B = F  (A- 30) 
This r e l a t ion  comple t e s  the  in fo rma t ion  r equ i r ed  to  de t e rmine  the  com- 
p r e s s i b l e  e d d y - v i s c o s i t y  d i s t r i b u t i o n  a c r o s s  t h e  i n n e r  l a y e r .  
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Compressible  Eddy-Viscosity  Model ; 
Outer  Layer 
The eddy-viscosity  distribution  for  the  outer  layer  will  now be'  de- 
veloped,  but  first  the  boundary  between  the  inner  and  outer  layers  will 
be determined. To aid  in  obtaining  the  point of the  join,  consider  first 
the  following  definitions 
u (A-31) 
6 6 - B=[$k-t)dy e =  / L ( l  -t)dY j 
Pe' 
0 0 
- 
If the  quantity R6* can  be  determined  in  terms of compressible 
boundary-layer  parameters,  then  equation  (A-11)  can  be  used  to  determine 
the  value of f3 = 8" at  the  join.  The  value of R6* can  be  approximately 
determined  by  applying  the  Baronti-Libby  transformation  across  the  entire 
layer.  The  relationship  obtained  by  this  means  is 
N 
where 
Pe'e 
P-e 
Re =  
- Y - l  2 
e 2 Me J 
(A-32) 
The  value of the  eddy-viscosity  parameter  at the join is 
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(A-34) 
In developing  equation (A-32)  application of the  transformations 
across  the  entire  layer was made  only  in  integral  quantities  defined by 
equation  (A-31) to  obtain  the  following  relationship 
It is  believed  that  use of the  Baronti-Libby  transformation to obtain 
the  velocity  profile  for  the  entire  boundary  layer  is  probably  warranted 
in  this  case  for  two  reasons: (1) the  principal  contributions  to  the 
integrals  will  come  from  the  inner  layer,  and (2) the  velocity  relation- 
ship  established  by  the  transforms  is  valid  out  to  the  join  and  at  the 
boundary-layer  edge,  that  is, 
u -  
”  
U 
N 
ue  
(A-36) 
For  the  limiting  case of zero  Mach  number  and  adiabatic  walls,  the  incom- 
pressible  results  are  obtained. 
While  the  eddy-viscosity  parameter (3 is  constant  across an incom- 
pressible  wake  according  to  equation  (A-ll),  it  is  variable  across  a  com- 
pressible  wake  because  the  density  and  molecular  viscosity  are not con- 
stant.  Consider  the  definition of the  eddy-viscosity  parameter 
(A-37) 
I 
where  in  this  expression  u  v is the  time  average of the  product of the 
turbulent  components of the  u  and  v  velocities.  The  other  symbols 
used  represent  time-averaged  quantities.  In  the  wake  region  the  turbulent 
fluctuations  dominate  and,  therefore, 
u u  
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(A-38) 
I n  t h e  wake the  eddy-v i scos i ty  pa rame te r  va r i e s  d i r ec t ly  a s  dens i ty  and ,  
i n v e r s e l y ,   a s   v i s c o s i t y .  The e a r l i e r   a s s u m p t i o n   t h a t  pp. i s  c o n s t a n t  
l e a d s  t o  t h e  r e s u l t  t h a t  f3 must  vary as dens i ty   squared .  Assuming t h a t  
t h e  v a l u e  of Bm a t  t h e  j o i n  i s  c o r r e c t  a s  g i v e n  by  equation (A-34) , t h e  
va lue  of p i n   t h e  wake becomes 
B = Bm(k)2 (A-39) 
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APPENDIX  B 
ANALYTICAL  EXPRESSIONS  FOR 
AXISYMMETRIC  COMPRESSION  SURFACE SHAPE 
AND  PRESSURE  DISTRIBUTION 
To obta in  an  ana ly t ica l  express ion  for  the  shape  of  the  ax isymmetr ic  
compress ion   sur face   o f   re fe rence  30, t he   va lues   o f  @ i n   t h a t   r e f e r e n c e  
w e r e  converted t o  s lopes  by  
and t h e  s l o p e s  w e r e  f i t t e d  f o r  v a r i o u s  s e g m e n t s  o f  t h e  f l a r e  w i t h  p o l y -  
nomials of the form 
The c o e f f i c i e n t s  w e r e  determined by r equ i r ing   con t inu i ty   o f   d r /dxa   and  
d2r/dxa2 a t  t h e  segment  boundaries. For the   purpose   o f   descr ib ing   the  
shape,  equat ion (B-2) was i n t e g r a t e d  and the  cond i t ion  o f  con t inu i ty  o f  
r was imposed. The a x i a l   d i s t a n c e  was expressed  in   feet   measured  f rom 
the  beg inn ing  o f  t he  cy l inde r  w i t h  2 .433  fee t  cor responding  to  t h e  
c y l i n d e r - f l a r e   j u n c t i o n .   I n   t e r m s   o f   t h i s   a x i a l   d i s t a n c e   c o o r d i n a t e ,  x' 
t h e  f l a r e  s h a p e  i s  given by 
a ,  
2.433' - < x; 2.450' 0 xa 0 . 2 "  
r = -10944.853 + 17882.088~4 - 1 0 9 5 5 . 5 3 9 ~ : ~  
+2982.9787xi3 - 304 .56572~ :~  
2.450' < x' < 2.68333'  0.2" < xa 3.0" - a -  - 
r = 4.1741342 - 5.0248867~: + 2.5800906~:~  
-0 .6796182~:~  + 0.078720188~:~ 
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2.68333' - < x: 2.85'  3.0" xa 5.0" 
r = 374.23568 - 552.88734~; + 306.72432~;' 
-75.718106~;' + 7 . 0 2 0 9 4 3 ~ ; ~  
2.85' - < x; - < 2.9333' 5.0" - < xa 6.0" 
r = 3244.3716 - 4561.6647~; + 2 4 0 6 . 3 5 2 4 ~ ; ~  
-564.46037~;' + 4 9 . 6 8 2 6 5 2 ~ ; ~  
Another  input  into  the  computer  program  is  the  pressure  distribution. 
The  pressure  distribution  existing  at  the  wall was used  rather  than  that 
acting  at  the  outer  edge of the  boundary  layer.  The  polynomials  describ- 
ing  the  wall  pressure  distribution  are  as  follows: 
0 xa 0.8" 
PW 
PW 
- =  3399.0535 - 3992.2842~; + 1559.6654~;' - 202.55691~:~  (B-7) 
0 
0.8" xa 2.0" 
PW 
PW 
" - -2876.0597 + 3481.6263~4 - 1 4 0 7 . 4 0 8 4 ~ ~ '  + 190.0542~;' ( B-8) 
0 
2.0" xa 4.0" 
PW 
PW 
" - -5730.5403 + 6670.1398~: - 2593 .3295~ :~  + 336 .91196~ :~  (B-9) 
0 
4.0" xa 5.0" 
" pw - -34461.726 + 38775.59~: - 1 4 5 4 1 . 5 0 2 ~ ; ~  + 1 8 1 7 . 8 7 2 ~ ; ~  (B-10) 
pWO 
5.0" 2 xa 6.0" 
- =  pw 207461.82 - 209345.92~; + 70225.728~;' - 7828.2407~:~  (B-11)  
PW 
0 
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Figure 1.- Eddy-viscosity parameter  distributions for turbulent 
incompressible  boundary  layers on flat  plates. 
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Figure 2.- Comparison  of no-root velocity  gradients  with  empirical 
method. 
incompressible  turbulent  gradients  as  fitted  by  the  least-squares 
80  
2.0 
1.8 
1.6 
1.4 
1.2 
/o 
G- 
\ 1.0 ‘2 
0 .a  
0.6 
0.4 
0.2 
0 
 
Least  squares-results 1 
Empirical  turbulent  incom- 
pressible  velocity  gradient 
for flat plates 
0 0.2 0.4 0.6 0.0 1.0 1.2 
- 
U 
(b) Rx = lo6. 
Figure 2.- Continued. 
81 
(c) Rx = lo8. 
Figure 2 .- Concluded. 
8 2  
0 .5  
0.4 
0.3 
0.2 
0.1 
0 
I Least-squares  results I 
0 0 . 2  0.4 0.6 0.8 l : o  1.2 1.4 1.6 - 
U 
(a) R~ = l o 4 .  
Figure 3.- Comparison  of  root  velocity  gradients  with  empirical 
incompressible  turbulent  gradients as fitted by  the  least- 
squares  method. 
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Figure 13.- Comparison  between  theory and experiment 
for hypersonic  turbulent  boundary  layer  on  a flat 
plate;  no  incident shock. 
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Figure 15.- Comparison  of  predicted  and  measured 
quantities for hypersonic turbulent  boundary  layer 
with  and  without  incident oblique shock. 
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Figure 16.- Comparison of calculated  skin-friction distributions for hypersonic turbulent 
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Figure 19.- Comparison of boundary-layer edge  conditions 
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107 
I 
1.5 2.0 2.5 3.0 
Distance  from  leading  edge  of  plate, x, ft 
(a) Momentum thickness. 
0.015 
-010 
.005 
0 
1 I: .- 1 2 .o 2.5 3.0 
Distance  from  leading  edge  of  plate, x, ft 
(b) Displacement thickness. 
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s u r f a c e  t e s t e d  at M, = 7.4. 
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Figure 22.- Comparison of boundary-layer  edge  conditions 
with  experimental  conditions  for M, = 10.4. 
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Figure 23.- Comparison  of  predicted  and  measured  displacement 
and momentum  thicknesses for compression  surface  tested at 
Mm = 10.4. 
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Figure 24.-  Comparison between p red ic t ed  and measured 
v e l o c i t y  p r o f i l e s  a t  x = 2 . 1 7  feet  for  compression 
s u r f a c e  t e s t e d  a t  M, = 10.4. 
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Figure 25.- Comparison  of  boundary-layer  edge  conditions 
used  in  computer  program  with  data  of  Pinckney,  refer- 
ence 27. 
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Figure 26.- Comparison of predicted displacement 
and momentum thicknesses with those from data  of  
Pinckney,  reference 27. 
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Figure 27.- P r e d i c t e d  s k i n - f r i c t i o n  c o e f f i c i e n t  
var ia t ion for  the case of  Pinckney,  reference 2 7 .  
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Figure 28.- Comparison of  predicted veloci ty  prof i les  
with those from the data  of  Pinckney,  reference 27. 
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Figure 28 . -  Concluded. 
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Figure 29.- Slope and second derivative of compression surface 
from reference 30. 
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Figure 31.- Comparison  between  theory and NYU data for 
turbulent  boundary  layer  on  axisymmetric  compression 
surface. 
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Figure 32.-  Comparison of experimental and theo re t i ca l  r a t io s  
of heat-transfer rate for configuration of reference 28 .  
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Figure 33.- Mach number p r o f i l e s ;  comparison between 
theory and experiment for  configurat ion of  reference 2 8 .  
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Figure 34.- Comparison of p red ic t ed  and experimental  
normal pressure-gradient parameters for configuration 
of reference 28. 
129 
0.016 
0 -014 
0.012 
c, w 
v; 0.010 
v) 
a, 
I= 
% 
.I+ 
F: c, 
c, 0.008 
G 
E 
U 
m 
Fi 
0 .006  
-4 a 
.1( 
rQ 
0.004 
0 -002 
0 
0 
NYU Data 
0 Measured th i ckness ,  ap/dy # 0 , 6 
.75 
-634 
3 .6~10 '  
I I 
Boundary-layer theory ap/ay = o 
-- Boundary-layer theory 
- w a y  z 0 
0 
15O 
L 
\ 
\ 
\ 
Angles  re fer  to  compress ion  sur face  
s lope  
I I - 1  . . 
1 2 3 
20° 
0 
0 
30w 
i 
6 
s ' ,  d i s tance  a long  compressure  sur face ,  ins .  
(a)   Displacement   thickness .  
Figure 35.- Com-oarison between experiment and theory in- 
c lud ing  e f f ec t  o f  no rma l  p re s su re  g rad ien t  i n  theo ry ;  
conf igu ra t ion  of r e fe rence  28. 
130 
0.0016 
0.0014 
0.0012 
w 4J 
0.0010 
Lo 
Lo 
a, 
G 
-5 
5 
2 
-4 
,G 
-IJ 0.0008 
4J 
G 
0 
fi 
0.0006 
a 
0.0004 
0.0002 
0 
K 
P
\ 
NYU Data 
0 Measured  thickness, ap/ay # 0, em 
5O 
L 
\ 
\ 
\ 
Me = 5.75 
0 
TJTt = 0.634 
0 
RL / a  = 3 . 6 ~ 1 0 ~  
0 
Boundary-layer  theory ap/ay = o 
20° 
2 5O + 0 
\ 
" 
" -Adjusted  boundary-layer  theory 
aP/aY # 0 
Angles  refer  to  compression  surface  slope 
I 
0 1 2 3 4 5 
s t ,  distance  along  compression  surface, ins. 
6 
(b) Momentum thickness. 
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I 
- 
N 
Polynomial fit to data 
)redicted by theoretical  model( 
I I 
Me = 6.55 
0 
R 
j 0  - =  a 
- 
3. 2x106/ft 
1.8 1.9 2.0  2 1  2 .2  2 .3  2 .4 2.5 
x, ft 
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